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1 Abstract

Flapping-wing flight is governed by highly nonlinear, unsteady aerodynamic interactions that make analytical
modeling and control challenging. This project develops a reduced-order dynamic model of a flapping system
with an ellipsoidal body and rigid wings capable of symmetric flapping and pitching. Aerodynamic forces
are derived using thin-body approximations inspired by Andersen–Pesavento–Wang models and evaluated
numerically through spanwise integration. These forces are coupled with inertial effects to form equations
of motion that are integrated in real time within a reinforcement learning environment.

A Proximal Policy Optimization (PPO) agent is trained to adjust wing kinematics—parameterized by
amplitudes, phase offsets, and wingbeat frequency—to reduce deviation from a target trajectory. Smooth
transitions between actions are enforced to maintain kinematic continuity. Results show that PPO can learn
structured and physically plausible flapping motions and improve trajectory performance over training,
although stable hovering was not achieved. This work demonstrates the potential of reinforcement learning
for studying unsteady aerodynamics and bio-inspired flight while highlighting limitations in reward design
and policy structure.
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3 Introduction

Flapping-wing flight remains one of the most challenging regimes in aerodynamics and vehicle dynamics
due to its inherently unsteady, nonlinear, and tightly coupled nature. Unlike conventional fixed-wing or
rotary-wing aircraft, flapping-wing systems rely on time-varying wing kinematics to generate lift and thrust
simultaneously, often operating in low-Reynolds-number regimes where viscous effects and unsteady flow phe-
nomena dominate. These characteristics make both analytical modeling and control design for flapping-wing
vehicles particularly difficult, motivating the development of simplified models and data-driven approaches
to better understand the relationship between wing motion and resulting vehicle dynamics.

This project addresses the problem of determining wing kinematics capable of producing a desired trans-
lational motion of a flapping-wing body. Rather than focusing on biological fidelity or high-fidelity flow
simulation, the emphasis is placed on constructing a reduced-order dynamic model that captures the es-
sential coupling between wing motion and body translation, while remaining computationally tractable for
control optimization. Such an approach is particularly well-suited for reinforcement learning (RL), where
repeated simulation rollouts are required to explore the control space efficiently.

The system considered consists of a rigid body modeled as an ellipsoid, representing the main body,
with two identical wings rigidly attached at fixed hinge points. The wings execute symmetric flapping
motions, each characterized by a flapping angle ϕ(t) and a pitching angle ψ(t). No spanwise flexibility
or multiple articulation points are considered; instead, each wing is constrained to rotate about a single
attachment location. To further reduce model complexity, the orientation of the body is assumed to be
fixed, and rotational dynamics of the body are neglected. The analysis therefore focuses exclusively on the
translational motion of the body’s center of mass for a prescribed, constant body orientation θ.

An equation of motion governing the translational dynamics of the system is derived based on the specified
kinematics and force models. Aerodynamic forces generated by the wings are functions of the instantaneous
flapping and pitching angles, and these forces act on the body to produce acceleration of the center of mass.
Given this formulation, the control problem can be posed as follows: for a desired trajectory of the
body’s center of mass, determine the time-varying wing kinematics ϕ(t) and ψ(t) that cause
the system to follow that trajectory. This paper focuses only on following a hover trajectory.

To solve this problem, reinforcement learning is employed as a model-based control strategy. The desired
trajectory is discretized in time and represented as a sequence of target states. The RL agent interacts with
the simulated environment by selecting wing kinematics at each time step, observes the resulting state of
the system, and receives a reward based on how closely the actual motion matches the prescribed trajectory.
Through repeated training episodes, the agent learns a control policy that maps system states to wing
motions capable of producing the desired translational behavior.

Beyond this specific system, the approach explored in this work has broader relevance to robotics and bio-
inspired flight. Reinforcement learning has become a powerful tool in robotic control, particularly for systems
with complex dynamics, high-dimensional control spaces, and limited analytical solutions. Flapping-wing
vehicles fall squarely within this class of problems: the relationship between actuator motion and resulting
forces is highly nonlinear and strongly dependent on timing, phase, and coupling between degrees of freedom.
RL offers a framework for discovering effective control strategies without requiring explicit inversion of the
system dynamics or hand-designed control laws.

From a bio-inspired perspective, birds and insects achieve remarkable agility, efficiency, and robustness
through coordinated wing motions that remain difficult to replicate using traditional engineering approaches.
Simplified models such as the one developed here provide a testbed for investigating how particular patterns
of wing kinematics give rise to specific translational behaviors. By framing trajectory generation as a
learning problem, this work contributes toward the long-term goal of replicating aspects of biological flight
in engineered systems, including small-scale aerial robots capable of maneuvering in cluttered environments,
performing precise hovering, or adapting to uncertain aerodynamic conditions. While the present model
neglects many features of real biological flyers, it represents a step toward integrating physics-based modeling
with learning-based control in the study of flapping-wing flight.
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4 Background & Literature Review

4.1 Andersen, Pesavento & Wang: Thin-Body Models and Unsteady Aerody-
namics in Fluttering and Tumbling Systems

The paired studies by Andersen, Pesavento, and Wang (2005) provide a comprehensive exploration of the
unsteady aerodynamics governing simple lifting surfaces such as falling cards and fluttering plates. Despite
their geometric simplicity, these systems exhibit rich dynamical behavior driven by strong coupling between
rotation, translation, and vortex shedding. Across both papers, the authors show that oscillating or rotating
thin bodies immersed in a fluid generate aerodynamic forces dominated by unsteady mechanisms that cannot
be captured by steady-state lift or drag models.

A central theme in both works is the use of a thin-body approximation—idealizing each structure as a
plate or thin elliptical cross section. This simplification enables the derivation of compact expressions for
added-mass forces, unsteady pressure loads, and aerodynamic moments that depend on local translational
and rotational velocities. In the study of fluttering and tumbling plates, this thin-body formulation reveals
how relationships between rotation and translation govern transitions between stable fluttering motions,
autorotating tumbling, and other aerodynamic regimes. Similarly, in the falling-card study, the authors
show that varying non-dimensional parameters such as the moment of inertia or thickness-to-width ratio
produces bifurcations between periodic flutter, continuous tumbling, and steady descent. In both cases,
small variations in geometry, inertia, or timing lead to large qualitative changes in aerodynamic response.

These findings are directly relevant to the aerodynamic modeling of the flapping-wing system developed
in the present work. Here, each wing is approximated as a sequence of thin elliptical cross sections along the
span, and the local aerodynamic forces are computed using principles inspired by the thin-body formulations
presented in Andersen et al. The forces at each spanwise station depend on the instantaneous translational
and rotational components induced by the wing’s flapping angle ϕ(t) and pitching angle ψ(t), after which
they are integrated to obtain the net load on the ellipsoidal body. This modeling approach mirrors the
philosophy of the plate and falling-card studies: reduce geometric complexity while retaining the essential
unsteady aerodynamic mechanisms that arise from vortex formation and rotation–translation coupling.

Furthermore, the strong sensitivity observed in fluttering and tumbling systems underscores why analytic
control design is difficult for flapping-wing flight. Andersen et al. demonstrate that transitions between
aerodynamic regimes occur through bifurcations driven by subtle changes in timing or system parameters.
In the present study, reinforcement learning (RL) is used to navigate this nonlinear landscape by discovering
wing-kinematic patterns that produce desired trajectories of the center of mass. RL serves as an adaptive
control method capable of coping with the same kinds of sensitivity and nonlinear vortex-driven behaviors
that make fluttering and tumbling systems challenging to model analytically.

In summary, the Andersen–Pesavento–Wang studies provide both the conceptual foundation and the
aerodynamic modeling framework for the simplified flapping-wing model used in this project. Their thin-
body force formulations motivate the spanwise sectional approach employed here, while their analyses of
unsteady transitions highlight the necessity of data-driven methods such as RL for controlling systems
governed by nonlinear, vortex-dominated aerodynamics.

4.2 Review of Wang (2005): Dissecting Insect Flight

Wang’s 2005 review, Dissecting Insect Flight, provides a foundational perspective on the aerodynamic mech-
anisms that enable insects to generate efficient, controllable flight despite operating in highly unsteady, low
Reynolds number regimes. The paper emphasizes that insect flight is governed not by steady aerodynamic
principles but by vortex-dominated, time-dependent interactions between the wings and surrounding fluid.
Mechanisms such as leading-edge vortex (LEV) attachment, wake capture, clap-and-fling, and unsteady
lift enhancement are identified as central to understanding how insects generate forces far exceeding those
predicted by classical steady-state airfoil theory.

A major contribution of Wang’s work is the synthesis of experimental, computational, and theoreti-
cal studies to illustrate how wing kinematics—particularly wing rotation, pitching, and reversing—directly
shape aerodynamic force production. The paper argues that the “wing is the engine,” meaning that control
authority in flapping flight arises almost entirely from the ability to prescribe time-varying kinematics rather
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than from changes in body attitude or external control surfaces. Additionally, Wang highlights the impor-
tance of simplified models that retain key physical mechanisms while enabling tractable analysis of flapping
dynamics, noting that such models are essential for linking observed biological motions to force production
and flight behavior.

The relevance of this work to the this project lies in its articulation of the tight coupling between
wing kinematics and translational body motion. Although the current study adopts a simplified dynamic
model—an ellipsoidal body with two rigid wings executing symmetric flapping (ϕ(t)) and pitching (ψ(t))
motions while body orientation remains fixed—the underlying goal aligns with the conceptual framework
introduced by Wang. Specifically, this project seeks to determine how prescribed wing kinematics generate
forces that shape the motion of the center of mass, echoing Wang’s emphasis on the central role of unsteady
kinematics in governing insect flight.

Furthermore, Wang’s review underscores the complexity and high dimensionality of the control prob-
lem inherent to biological flapping systems, suggesting a natural connection to modern data-driven control
methods such as reinforcement learning (RL). Insects achieve flight control through subtle modulation of
wing phase, amplitude, and pitch—precisely the types of control inputs explored in this study. By using RL
to discover wing-kinematic patterns that produce target trajectories, the present work can be viewed as a
computational extension of the ideas introduced in Wang’s paper: leveraging simplified physical models to
investigate how variations in flapping and pitching motions map to aerodynamic forces and, ultimately, to
controlled flight.

In summary, Wang (2005) provides both the biological motivation and the physical justification for the
modeling and control approach explored here. While the current model does not attempt to replicate the full
richness of insect aerodynamics, it is directly inspired by the principle that unsteady wing motions are the pri-
mary driver of flight forces. This connection situates the present RL-based trajectory generation framework
within the broader body of research seeking to understand and replicate the remarkable maneuverability of
biological flyers.

5 Theory

5.1 System

Figure 1: A simple CAD model of the flapping system for demonstration.

5.1.1 Definition of Frames, Points, and Coordinate Systems

As shown in Figure 2, I defined a total of 3 reference frames. The first reference frame is the inertial frame,
I ≡ (O, êx, êy, êz). Point O is a fixed arbitrary point in the inertial frame, which, in this case, is the lab
frame of reference.

The next reference frame, B ≡ (B, b̂1, b̂2, b̂3), is fixed to the body. This frame, under our assumptions
and simplifications, is allowed to rotate only in the xy-plane. Point B marks the center of mass of the body.
Drawn above Point B in figure 1, I have defined Point G, which represents the overall center of mass of
the system, but it is drawn at an arbitrary position in-between the 3 individual center of masses (body and
wings).
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Figure 2: Rear view of flapping system showcasing the I,B, C frames and relevant dimensions.

The last reference frame of reference shown in Figure 2 is the intermediate frame: C ≡ (W1, ĉ1, ĉ2, ĉ3)
for the right wing (which this report refers to as ”Wing 1”). Point W1 is located at the joint of wing 1
and the body. ĉ1 is always aligned with the length of the wing, and ĉ3 and ĉ1 are always in the xz-plane.
ϕ is defined as positive counterclockwise from horizontal and is the wing beat angle. The C frame acts as
intermediary frame to the wing-fixed frame, D, defined in Figure 3 below.

Figure 3: Upper-right lateral view of flapping system showcasing the D frame and h.
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I defined frame D, to be a wing-fixed frame. I defined the angle ψ to measure the pitch of the wing
relative to the alignment of the body frame. l1 is the outward length of the wing and l2 is the side length of
the wing.

5.1.2 Direction Cosine Matrices

To make the vector math simpler quicker, I went ahead and defined Direction Cosine Matrices (DCM’s) for
switching between the rotational frames and the inertial frames. The DCM used to switch from the inertial
frame to the B frame is:

BNI =

b̂1 · êx b̂1 · êy b̂1 · êz
b̂2 · êx b̂2 · êy b̂2 · êz
b̂3 · êx b̂3 · êy b̂3 · êz

 =

1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 (1)

Similarly, the DCM used to switch from the B frame to the intermediary wing frame, C, is:

CNB =

ĉ1 · b̂1 ĉ1 · b̂2 ĉ1 · b̂3
ĉ2 · b̂1 ĉ2 · b̂2 ĉ2 · b̂3
ĉ3 · b̂1 ĉ3 · b̂2 ĉ3 · b̂3

 =

 cosϕ 0 sinϕ
0 1 0

− sinϕ 0 cosϕ

 (2)

From the C frame to the D frame is:

DNC =

d̂1 · ĉ1 d̂1 · ĉ2 d̂1 · ĉ3
d̂2 · ĉ1 d̂2 · ĉ2 d̂2 · ĉ3
d̂3 · ĉ1 d̂3 · ĉ2 d̂3 · ĉ3

 =

0 cosψ sinψ
1 0 0
0 − sinψ cosψ

 (3)

The inverses of the inertial to rotational DCM’s are simply the transposes of the above matrices. This will
give you DCM’s to transform from the rotational frames to the inertial frame:

INC = [CNI ]T (4)

IND = [DNI ]T (5)

5.2 Deriving the Equation of Motion for the Flapping System

5.2.1 Assumptions and Simplifications

The following assumptions are made for the analysis:

• The wing is approximated as an extrusion of a thin ellipse structure.

• There is no wind.

• The body has radius R.

• Symmetric Wing Beating (ϕ1=ϕ2=ϕ).

• When ϕ = 0, the wings are aligned with the center of the body.

5.2.2 Free-Body Diagram

I identified 3 separate forces acting on the flapping system, the overall weight force and aerodynamic forces
from each individual wing. F⃗g acts at point G and will always be in the −êz direction. I have drawn the

aerodynamic forces as
∫ l1
0
f⃗aero(s)ds. Despite the forces being drawn as though they are orthogonal

to their respective wings, they can be drawn in any arbitrary direction.
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Figure 4: Free-body diagram showing the combined weight force and the aerodynamic wing force distribution.

5.2.3 Newton’s Second Law

Newton’s 2nd law tells that the net force acting on a system of bodies is equal to the total mass of that
system times the acceleration of the system’s center of mass. My free-body diagram shows that there
are only 3 total forces acting on the system: gravity and the aerodynamic forces felt by each wing. Let
r⃗G ≡< xG(t), xG(t), zG(t) > be a vector representing the position of the system’s center of mass relative to
some arbitrary point O fixed to the lab frame, and let r⃗ ≡< x(t), y(t), z(t) > be a vector representing the
position of the body at point B relative to point O. Applying Newton’s 2nd Law, we get:

(2mw +M) ·I a⃗G = −(2mw +M) · g · êz +
∫ ℓ1

0

f⃗aero,1(s)ds+

∫ ℓ1

0

f⃗aero,2(s)ds (6)

where I a⃗G is the acceleration of r⃗G in the inertial frame. However, because we are only concerned about
the vertical and horizontal motion of the body, we only need to analyze the êy and êz components of this
equation, giving us for the z-direction:[

(2mw +M) ·I a⃗G = −(2mw +M) · g · êz +
∫ ℓ1

0

f⃗aero,1(s)ds+

∫ ℓ1

0

f⃗aero,2(s)ds

]
· êz (7)

(2mw +M) · z̈G = −(2mw +M) · g +
∫ ℓ1

0

f⃗aero,1(s)ds · êz +
∫ ℓ1

0

f⃗aero,2(s)ds · êz (8)

Utilizing symmetry, we get...

(2mw +M) · z̈G = −(2mw +M) · g + 2 ·

[∫ ℓ1

0

f⃗aero,1(s)ds · êz

]
(9)

And for the y-direction:

[(2mw +M) ·I a⃗G = −(2mw +M) · g · êz +
∫ ℓ1

0

f⃗aero,1(s)ds+

∫ ℓ1

0

f⃗aero,2(s)ds] · êy (10)
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(2mw +M) · ÿG =

∫ ℓ1

0

f⃗aero,1(s)ds · êy +
∫ ℓ1

0

f⃗aero,2(s)ds · êy (11)

Utilizing symmetry, we get...

(2mw +M) · ÿG = 2 ·

[∫ ℓ1

0

f⃗aero,1(s)ds · êy

]
(12)

Now, to write these equations of motion in terms of z(t) and y(t), we must look at the definition of the
center of mass.

5.2.4 z̈G(t) in Terms of z̈(t)

Representing the vertical positions of the centers of mass of wings 1 and 2 as Zw(t), the z-position of the
center of mass is defined as:

zG(t) =
M · z(t) + 2m · zw1(t)

2m+M
(13)

Because each wing individually only has two degrees of freedom as a result of their pinned constraints with
the body of the flapping system, we can apply the following constraint equations to write their positions in
terms of z(t):

zw(t) = zw/W1
(t) + zW1/G′(t) + zG′/O(t) =

ℓ1
2
· sin (ϕ) + h · sin(θ) + z(t) (14)

This turns the equation to:

zG(t) =
M · z(t) + 2m ·

(
ℓ1
2 · sin (ϕ) + h · sin(θ) + z(t)

)
2m+M

(15)

In order to apply this to the equation of motion, the second time derivative must be found:

d

dt
·

[
zG(t) =

M · z(t) + 2m ·
(
ℓ1
2 · sin (ϕ) + h · sin(θ) + z(t)

)
2m+M

]
(16)

żG(t) = ż(t) +
2m

2m+M

(
ℓ1
2 cosϕ ϕ̇+ h cos θ θ̇

)
(17)

z̈G(t) =
d

dt
· [żG(t)] = z̈(t) +

2m

2m+M

(
ℓ1
2

(
− sinϕ ϕ̇2 + cosϕ ϕ̈

)
+ h

(
− sin θ θ̇2 + cos θ θ̈

))
(18)

Plugging this back into equation 9, we get:

z̈(t) = − 2m

2m+M

(
l

2

(
− sinϕ ϕ̇2 + cosϕ ϕ̈

)
+ h

(
− sin θ θ̇2 + cos θ θ̈

))
− g +

2 ·
[∫ ℓ1

0
f⃗aero,1(s)ds · êz

]
2m+M

(19)

That is the equation of motion without defining the aerodynamic forces just yet. Note that the first term of

equation 18, − 2m
2m+M

(
l
2

(
− sinϕ ϕ̇2 + cosϕ ϕ̈

)
+ h

(
− sin θ θ̇2 + cos θ θ̈

))
, represents the acceleration of the

center of mass of the body due solely to the movement of the wings per conservation of linear momentum.

5.2.5 ÿG(t) in Terms of ÿ(t)

Representing the y-positions of the centers of mass of wings 1 and 2 as yw(t), the y-position of the center of
mass is defined as:

yG(t) =
M · y(t) + 2m · yw1(t)

2m+M
(20)

Because each wing individually only has two degrees of freedom as a result of their pinned constraints with
the body of the flapping system, we can apply the following constraint equations to write their positions in
terms of y(t):

yw(t) = yw/W1
(t) + yW1/G′(t) + yG′/O(t) = h · cos(θ) + y(t) (21)
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This results in an equation for the y position of the systems center of mass as:

yG(t) =
M · y(t) + 2m · (h · cos(θ) + y(t))

2m+M
(22)

Following the same process as done with z:

ẏG(t) =
Mẏ(t) + 2m

(
ẏ(t)− hθ̇ sin(θ)

)
2m+M

(23)

ÿG(t) = ÿ(t) +
2m
(
−hθ̈ sin(θ)− hθ̇2 cos(θ)

)
2m+M

(24)

Plugging back into equation 12 gives us:

ÿG = −
2m
(
−hθ̈ sin(θ)− hθ̇2 cos(θ)

)
2m+M

+
2

2m+M

[∫ ℓ1

0

f⃗aero,1(s)ds · êy

]
(25)

5.2.6 The Aerodynamic Forces Using Blade Element Method

In this model, I use blade element method in order to determine the aerodynamic force on the system. I
first begin by analyzing the force contribution from an infinitesimally wide element of the wing with width
ds. Viewing the cross-section of the element below gives us the following relationship with the forces:

Figure 5: A diagram showing the drag and lift forces with respect to the velocity of the wing element and
the wing’s geometry.

In order to find the force per unit length that each element along the blade contributes, I first found
I v⃗dw/O(s), the velocity of the wing elements for both relative to the air as a function of the distance along
the wing from the flapping system’s body. ”s” denotes the distance of an element. We can find I v⃗dw/O(s)
through the following steps:

First, note that the position of the the center of each blade element, dw, can be represented as a function
of s, the distance along the wing from the body.

r⃗dw/O(s) = r⃗dw/W1(s) + r⃗W1/G′ + r⃗G′/O = sĉ1 + hb̂2 +Rb̂1 + yêy + zêz (26)
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In order to take the inertial time derivative of the position we must define the angular velocity vector of the
wing’s frame, D, relative to the inertial frame, I ω⃗D, as well as the angular velocity of the body’s fram with
respect to the inertial frame, I ω⃗B, and also I ω⃗C :

I ω⃗D = θ̇b̂1 − ϕ̇ĉ2 + ψ̇d̂1 (27)

I ω⃗C = θ̇b̂1 − ϕ̇ĉ2 (28)

I ω⃗B = θ̇b̂1 (29)

Taking advantage of the fact that ĉ2 = b̂2 and d̂1 = ĉ1 We can write I ω⃗D and I ω⃗C as:

I ω⃗D = θ̇(cosϕĉ1 − sinϕĉ3)− ϕ̇ĉ2 + ψ̇ĉ1 (30)

I ω⃗C = θ̇(cosϕĉ1 − sinϕĉ3)− ϕ̇ĉ2 (31)

We can then apply these angular velocities to the computation of the inertial time derivatives of each
element dw.

I v⃗dw/O =
Id

dt
[r⃗dw1/O] = s(I ω⃗C × ĉ1) +I ω⃗B × (hb̂2 +Rb̂1) + ẏêy + żêz (32)

= −sθ̇ sinϕĉ2 + sϕ̇ĉ3 + hθ̇b̂3 + ẏêy + żêz (33)

[I v⃗dw/O]D =


cosψ

(
−sθ̇ sinϕ+ ẏ cos θ + ż sin θ

)
+ sinψ

(
sϕ̇+ hθ̇ cosϕ+ (−ẏ sin θ + ż cos θ) cosϕ

)
hθ̇ sinϕ+ (−ẏ sin θ + ż cos θ) sinϕ

− sinψ
(
−sθ̇ sinϕ+ ẏ cos θ + ż sin θ

)
+ cosψ

(
sϕ̇+ hθ̇ cosϕ+ (−ẏ sin θ + ż cos θ) cosϕ

)


D
(34)

[I v⃗dw/O]I =

 −sϕ̇ sinϕ
−sϕ̇ cosϕ sin θ − hθ̇ sin θ − sθ̇ sinϕ cos θ + ẏ

sϕ̇ cosϕ cos θ + hθ̇ cos θ + ż − sθ̇ sinϕ sin θ

 (35)

Using this definition of the velocity vector in coordinates of the wing’s frame, I have decided to define a
vector, IU⃗dw/O, which will define the projection of the velocity of each element of the wing, dw, onto d̂2-d̂3
plane: The aerodynamic forces on each element of width ds can be represented as:

U⃗dw(s) = (I v⃗dw/O · d̂2)d̂2 + (I v⃗dw/O · d̂3)d̂3 (36)

Udw(s)
2 = (I v⃗dw/O · d̂2)2 + (I v⃗dw/O · d̂3)2 (37)

With that definition of IU⃗dw/O, we can proceed to define the aerodynamic forces using the formulas
provided by Andersen et al based on numerical simulations conducted by Pesavento and Wang (2004) and
experiments conducted by Andersen et al. (2005).
———
Lift

The lift is conventionally computed using the following equation:

|F⃗L| = ρairU∞Γ (38)

And the direction is perpendicular to the direction of movement relative to the air. Positive lift is defined
to be in the direction of a 90 degree counter clockwise rotation of the vector of the wing element’s motion
relative to the ambient air. using the variables and parameters I have defined, the model used states that
the circulation, Γ, can be defined as:

Γ(s) = −CT ℓ2(U⃗dw(s) · d̂2)(U⃗dw(s) · d̂3)
|U⃗dw(s)|

+
CRℓ

2
2

2
(I ω⃗D · d̂1) (39)
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Where CT and CR are constants. The lift force vector per unit length along the wing can then be written
as:

f⃗lift = ρair

(
−CT ℓ2(U⃗dw(s) · d̂2)(U⃗dw(s) · d̂3)

|U⃗dw(s)|
+
CRℓ

2
2

2
(IωD · d̂1)

)
·RU⃗dw(s) (40)

Where R =

1 0 0
0 0 −1
0 1 0

.
———
Drag

The drag contribution per unit length to the net aerodynamic force can be described using the standard
drag model:

f⃗drag · ds = −
1

2
CD(α(s))ρℓ2Udw(s)

IU⃗dw/O(s) · ds (41)

where, for the range of intermediate to high Reynolds number, CD = A − B (U⃗dw(s)·d̂2)2−(U⃗dw(s)·d̂3)2

U⃗dw(s)·U⃗dw(s)
, and A

and B are dimensionless constants (Andersen et. al. 2005). The dependence on the angle of attack, α(s), is
implicit.

5.2.7 Final Form of Aerodynamic Force

Now that the lift and drag contributions to the aerodynamic force have been defined, we can write the net
aerodynamic force vector experienced by the right wing as:

F⃗aero = ρair

∫ ℓ1

0

(
Γ(s)R− CD(s)ℓ2Udw(s)

2
I3×3

)
IU⃗dw(s)ds (42)

Taking advantage of symmetry between the total aerodynamic force terms in the êy and êz directions

respectively are 2(F⃗aero · êy) and 2(F⃗aero · êz)

5.2.8 Final Translational Equations of Motion with Blade Element Method

Putting all of these elements together, we can write the final translational equations of motion in the following
dimensional forms:

ÿ = −
2m
(
−hθ̈ sin(θ)− hθ̇2 cos(θ)

)
2m+M

+

2ρairℓ2
2m+M

[∫ ℓ1

0

((
−CT (U⃗dw(s) · d̂2)(U⃗dw(s) · d̂1)

|U⃗dw(s)|
+
CRℓ2
2

(IωD · d̂1)

)
R− CD(s)Udw(s)

2
I3×3

)
IU⃗dw(s)ds

]
·êy

z̈(t) = − 2m

2m+M

(
ℓ1
2

(
− sinϕ ϕ̇2 + cosϕ ϕ̈

)
+ h

(
− sin θ θ̇2 + cos θ θ̈

))
− g+

2ρairℓ2
2m+M

[∫ ℓ1

0

((
−CT (U⃗dw(s) · d̂2)(U⃗dw(s) · d̂1)

|U⃗dw(s)|
+
CRℓ2
2

(IωD · d̂1)

)
R− CD(s)Udw(s)

2
I3×3

)
IU⃗dw(s)ds

]
·êz

5.2.9 Dimensionless Forms:

Π1 =
2m

2m+M
Π2 =

2ρℓ2ℓ
2
1

2m+M
CT , CR, CD = Dimensionless Coefficients π1 =

s

ℓ1
π2 =

ℓ2
ℓ1

(43)

π3 =
r

ℓ1
π4 =

h

ℓ1
(44)
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˜̈y = −Π1

(
−π4 ˜̈θ sin

(
θ̃
)
− π4 ˜̇θ2 cos

(
θ̃
))

+

Π2

[∫ 1

0

((
−CT (

˜⃗
Udw(π1) · d̂2)(

˜⃗
Udw(π1) · d̂1)

| ˜⃗Udw(π1)|
+
CRπ2
2

(I ˜⃗ωD · d̂1

)
R− CD(π1)Ũdw(π1)

2
I3×3

)
I ˜⃗
Udw(π1)dπ1

]
·êy

˜̈z(t) = −Π1

(
1

2

(
− sin ϕ̃

˜̇
ϕ2 + cos ϕ̃

˜̈
ϕ
)
+ π4

(
− sin θ̃

˜̇
θ2 + cos θ̃

˜̈
θ
))
− 1+

Π2

[∫ 1

0

((
−CT (

˜⃗
Udw(π1) · d̂2)(

˜⃗
Udw(π1) · d̂1)

| ˜⃗Udw(π1)|
+
CRπ2
2

(I ˜⃗ωD · d̂1)

)
R− CD(π1)Ũdw(π1)

2
I3×3

)
I ˜⃗
Udw(π1)dπ1

]
·êz

All the linear position, speed, and acceleration terms have ℓ1,
√
gℓ1, and g factored out of them, respectively.

All the angular speed and acceleration terms have
√

g
ℓ1

and g
l factored out of them, respectively.

5.2.10 Limitations of this Model

5.3 Validating the Equations of Motion

5.3.1 Varying Parameters to Find Equilibria

In order to identify equilibria, I chose dimensionless coefficients that would correlate with a housefly. For
my testing I used: CT : 2.5, CR : π,ACD : 1.4, BCD : 1.0,Π1 : 0.23,Π2 : 4.5, π2 : 0.37, , π3 : 0.2, π4 : 0.25.
These based on rough estimation of the dimensions of a typical housefly, but can be varied for other things
as well. The code modified to do this in Appendix A.1 .

The primary part I examined to determine if I could find equilibria was the input wing behavior for ϕ
and ψ. With ϕ being the input for the wing beat angle, I expressed phi with the following time dependent
function, playing around with the amplitude, the frequency, the center of the beating:

ϕ(t) = Aϕ cos(ωϕt) + ϕc (45)

For ψ I chose my functional parameters based on ψ(t). From initially playing around with a constant ψ, I
came to find that changing ψ between the upstroke and the downstroke would be allow for better control of
translational motion. So my input for ψ shared the same frequency as ϕ but is a sine function instead of a
cosine one due to the fact I wanted max ψ for the upstroke and for the downstroke (i.e., different ψ’s when
ϕ̇ is negative or positive):

ψ(t) = (ψ+ − ψ−) sin(ωϕt) + ψc (46)

where ψc =
ψ++ψ−

2 and +/- denote up and down stroke phi values. Also inputting the respective derivatives,
I get my general input functions:
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This notion of my phi and psi relationship is supported by the Wang 2005 submission in the Annual
Review of Fluid Mechanics in 2005 [8]. I eventually found approximately hovering flight for the following
wing input for the parameters above:

Aϕ = 60◦ ϕc = 30◦ ωϕ = 30.04 Hz ψ+ = 87◦ ψ− = 4◦ ψc = 45.5◦ (47)

Below are the resulting y and z positions over time as well as the trajectories.

Figure 6: In this result, y only varies by 3 mm within 10 seconds.
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Figure 7: Although z falls slightly in this time interval, z only changes by 1.12 mm in the span of 10 seconds.

Figure 8: The resulting trajectory only inhabits a small amount of space over the span of 10 secs, so i
considered this to be near a hover. I tried fine tuning the parameters as much as I could to
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6 Simulation and RL Design and Decision Criteria

6.1 Aerodynamic Model Construction

The aerodynamic model is constructed symbolically using sympy and then compiled to efficient NumPy
functions using lambdify. The force experienced by a differential wing section in the D-frame is a function
of:

• the instantaneous wing velocity (including rotation-induced components),

• the unsteady aerodynamic circulation term Γ,

• and the nonlinear drag coefficient CD depending on relative motion.

The model follows the thin-body, thin-elliptical section approximation employed in Andersen–Pesavento–
Wang studies. This simplification allows the wing to be treated as a spanwise distribution of 2D cross-sections
whose aerodynamic loads are locally proportional to velocity, circulation, and drag-like damping.

A symbolic expression for the aerodynamic force vector fI(t, s) is generated, where s ∈ [0, 1] parametrizes
the wing span. The final expressions for the vertical and lateral accelerations due to aerodynamic forces are
implemented via lambdified functions:

fy(t, s) = faero,y(t, ϕ, ϕ̇, ϕ̈, ψ, ψ̇, ψ̈, y, ẏ, z, ż),

fz(t, s) = faero,z(t, ϕ, ϕ̇, ϕ̈, ψ, ψ̇, ψ̈, y, ẏ, z, ż).

6.1.1 Gauss–Legendre Integration of Aerodynamic Forces

At every simulation step, the aerodynamic force must be integrated along the span:

Fy(t) =

∫ 1

0

fy(t, s) ds, Fz(t) =

∫ 1

0

fz(t, s) ds.

Rather than discretizing into a coarse mesh, the environment uses SciPy’s adaptive Gaussian integration
routine quad, which is based on Gauss–Legendre quadrature. This technique adaptively refines evaluation
points to track strong nonlinearities in the integrand. The advantage is twofold:

• It minimizes computational cost by concentrating evaluations where the wing-induced velocities or
aerodynamic terms change rapidly.

• It provides symbolically accurate spanwise integration for the highly nonlinear velocity and circulation
expressions.

This is critical for flapping wings, where rotation-induced velocities create sharp gradients near the wing
root or tip.

6.2 Equation of Motion and ODE Integration

The rigid-body translational motion of the body is governed by:

ÿ = ÿna + Fy(t), z̈ = z̈na + Fz(t),

where ÿna and z̈na are non-aerodynamic inertial terms derived from the flapping kinematics. These are
determined symbolically and lambdified for numerical evaluation.

The environment integrates:

d

dt


y
z
ẏ
ż

 =


ẏ
ż
ÿ
z̈

 ,
using the RK45 integrator provided by solve ivp. RK45 is well-suited because:
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• The aerodynamic forces are smooth within each transition interval.

• Adaptive stepping improves stability for stiff motion segments near stroke reversals.

• It provides an efficient balance between accuracy and computation time for RL rollouts.

6.3 Reinforcement Learning Setup and Algorithmic Structure

The design of the reinforcement learning framework for identifying flapping-wing kinematics required a se-
ries of modeling choices, numerical strategies, and structural decisions in the implementation of the training
environment. This section outlines the reasoning behind these design choices and explains the underlying
algorithms used in the FlappingEnv, Wings kinematic class, rollout collection utilities, and PPO training
pipeline. The goal is to ensure that the simulated environment remains physically plausible, numerically sta-
ble, and compatible with reinforcement learning algorithms that operate through repeated time integration.

6.3.1 Flapping Environment

The FlappingEnv class defines a continuous-time, physics-based environment that follows the OpenAI Gym
interface. Each RL action specifies a full parameterization of the wing kinematics:

a = [Aϕ, ω, ϕc, δϕ, Aψ, ψc, δψ] .

These parameters determine the flapping and pitching motion of each wing over a short interval of time.
The environment integrates the rigid-body translational dynamics of a flapping-wing system from the current
time tk to tk+1 using solve ivp.

The observation vector at time t is

o(t) = [ y, z, ẏ, ż, (t− t0)/(tf − t0) ],

allowing the agent to make decisions based on current position, velocity, and episode progress. The episode
horizon is determined directly from the temporal discretization of a reference trajectory.
————————
Time Discretization and Environment Steps

The simulation is defined over a fixed nondimensional time interval

t ∈ [t0, tf ].

This interval is discretized into at most Nmax segments (“steps”) by choosing a step size

∆t =
tf − t0
Nmax

.

At the beginning of each episode, the environment time and state are initialized as

t0 given, tcurr = t0, x(t0) =
(
y(t0), z(t0), ẏ(t0), ż(t0)

)⊤
.

At each environment step k = 0, 1, 2, . . ., PPO supplies an action vector

ak =



Aϕ
ω
ϕc
∆ϕ
Aψ
ψc
∆ψ


,

which parametrizes the wing kinematics over the next time segment

t ∈ [tk, tk+1], tk = tcurr, tk+1 = min{tk +∆t, tf}.

Given ak, the environment:
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1. Updates the wing parameters (with a smooth transition, described below).

2. Integrates the state ODE
ẋ(t) = f

(
t,x(t);ak

)
from tk to tk+1 using a time integrator (e.g. solve ivp).

3. Uses the resulting trajectory on [tk, tk+1] to compute a scalar reward rk.

4. Updates the current time and state:

tcurr ← tk+1, x(tk+1) becomes the new state.

The episode terminates when either tcurr ≥ tf or the step count reaches Nmax. Thus, during a single episode
PPO selects a sequence of actions {a0,a1, . . . }, one per time segment, and observes the resulting rewards
{r0, r1, . . . }.

Importantly, PPO does not fully optimize the parameters for one segment before moving on to the next.
Instead, it repeatedly:

1. Runs rollouts over the entire time horizon by sampling actions at each step from the current policy.

2. Uses the total returns from these full episodes to update the policy parameters.

Over many iterations, this process discovers policies that choose better actions at each segment so that the
cumulative reward over the whole interval [t0, tf ] is maximized.
——————————–

6.3.2 Wing Kinematics and Smooth Parameter Transitions

The Wings class provides smooth, differentiable expressions for the wing angles ϕ(t) and ψ(t), along with
their first and second derivatives. Baseline motions are sinusoidal:

ϕbase(t) = ϕc +Aϕ cos(ωt+ δϕ), ψbase(t) = ψc +Aψ sin(ωt+ δψ).

When an RL action updates these parameters, direct replacement would cause discontinuities in ϕ, ϕ̇, ϕ̈
and similarly for ψ. Discontinuities create numerical instability in the ODE integration and yield unphysical
instantaneous changes in aerodynamic forces. To prevent this, the environment uses a quintic transition
polynomial.
Smooth Transitions Between Sinusoidal Wing Parameters

For ϕ(t), the total angle is
ϕ(t) = ϕbase(t) + qϕ(t),

where qϕ(t) is a quintic polynomial in a normalized time variable

s =
t− tk
Ttr

, s ∈ [0, 1],

over a transition interval of length Ttr starting at tk. We write

qϕ(t) =

5∑
i=0

bis
i,

with coefficients bi chosen to enforce continuity of ϕ, ϕ̇, and ϕ̈ at both ends of the transition. Specifically, at
t = tk (i.e. s = 0) we require

ϕold(tk) = ϕbase(tk) + qϕ(tk),

ϕ̇old(tk) = ϕ̇base(tk) + q̇ϕ(tk),

ϕ̈old(tk) = ϕ̈base(tk) + q̈ϕ(tk),
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i.e. the new total angle and its first two derivatives match the old motion at the start of the segment. At
t = tk + Ttr (i.e. s = 1), we enforce

qϕ(tk + Ttr) = 0, q̇ϕ(tk + Ttr) = 0, q̈ϕ(tk + Ttr) = 0,

so that after the transition the motion is purely given by the new base sinusoid with no residual correction.
These six boundary conditions determine the six coefficients b0, . . . , b5 in closed form. An analogous

construction is used for the pitch motion ψ(t), so that both ϕ(t) and ψ(t) and their first two time derivatives
remain continuous as the RL policy updates the wing–beat parameters from one segment to the next.

In summary, at each environment step PPO chooses a new set of sinusoidal parameters, the environment
smoothly transitions to these parameters over a short time window, integrates the ODEs over the current
segment, and computes a reward based on how well the resulting motion matches a local linear approximation
to the desired hover trajectory. PPO then adjusts its policy to maximize the cumulative sum of these rewards
over the entire time interval [t0, tf ].

6.3.3 Rollout Strategy

The rollout and collect utility records simulated trajectories by stitching together segments of the ODE
solution, ensuring no duplicate timestamps across intervals. This produces continuous time series of:

t(t), y(t), z(t), ϕ(t), ψ(t).

These are used for visualization and validation of learned policies.

6.4 Reward Function Structure and Rationale

Unlike traditional robotic systems, where position tracking or torque minimization can be evaluated instan-
taneously, the effects of wing kinematics on body translation are perceptually delayed and integrated over
time. A small change in pitch or flapping phase does not immediately translate into a measurable displace-
ment at the center of mass; instead, the aerodynamic forces accumulate over a portion of the wingbeat
cycle. This motivates a reward function that evaluates motion trends over an interval rather than penalizing
instantaneous state error.

6.4.1 Segment-Based Evaluation

At each RL step, the simulator integrates the equations of motion over a time window [tk, tk+1] determined
by the environment timestep. Within this window, both the simulated trajectory

ysim(t), zsim(t),

and the target trajectory
ytgt(t), ztgt(t),

are sampled at a set of times {ti}. Instead of measuring pointwise error at each ti, the environment fits a
linear model to each trajectory.

6.4.2 Least-Squares Trend Extraction

Let {tj}Mj=1 be the time samples in the segment [tk, tk+1], with corresponding simulated trajectories yj =

y(tj), zj = z(tj) and reference values yrefj , zrefj . For any quantity qj defined on these points, we fit a line

qj ≈ a0 + a1 tj

by minimizing the weighted squared error

min
a0,a1

M∑
j=1

wj
(
qj − (a0 + a1tj)

)2
,
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where wj are (possibly uniform) weights. This leads to the normal equations

Fa = b,

with

a =

[
a0
a1

]
, F =

[ ∑
j wj

∑
j wj(tj − t̄)∑

j wj(tj − t̄)
∑
j wj(tj − t̄)2

]
, b =

[ ∑
j wjqj∑

j wj(tj − t̄)qj

]
,

and t̄ is a weighted mean time. Solving Fa = b yields (a0, a1).
The use of least-squares provides several benefits:

• It smooths out high-frequency aerodynamic oscillations induced by flapping motion.

• It captures the net effect of a wingbeat rather than reacting to instantaneous fluctuations.

• It stabilizes learning by avoiding noisy gradients caused by short-term aerodynamic transients.

Thus, the agent is rewarded for producing the correct direction and magnitude of motion over each
interval.

6.4.3 Penalty on Intercept and Slope Differences

Let (a
(y)
0 , a

(y)
1 ) denote the simulated intercept and slope for y(t), and (â

(y)
0 , â

(y)
1 ) the target. The reward

function penalizes deviation:

R = −
[
w0

(
(a

(y)
0 − â

(y)
0 )2 + (a

(z)
0 − â

(z)
0 )2

)
+ w1

(
(a

(y)
1 − â

(y)
1 )2 + (a

(z)
1 − â

(z)
1 )2

)]
.

The intercept error measures how far the center-of-mass has drifted from the desired displacement over
that interval, whereas the slope error measures mismatch in average velocity.

The weighting choice w1 ≫ w0 reflects the physical reality that the agent should learn to generate the
correct aerodynamic forces first, establishing the correct velocity trend, and only then refine precise positional
tracking.

6.4.4 Noise Rejection

Because the aerodynamic forces oscillate rapidly at flapping frequency, an instantaneous reward would be
dominated by high-frequency variations unrelated to meaningful trajectory tracking. The least-squares trend
extraction acts as a low-pass filter. This is crucial because:

• It makes the reward more “RL-friendly” by smoothing the optimization landscape.

• PPO’s policy updates rely on stable reward gradients.

• It allows the agent to exploit the underlying physics rather than overfitting to momentary fluctuations.

Without this smoothing, the reward would fluctuate violently due to the nonlinearities in Γ, drag, and
rotation-induced velocity terms.

6.4.5 Scalability and Generalization

This reward design naturally extends to more complex tasks:

• Multi-segment trajectories can be tracked by minimizing changes in slope over larger windows.

• More complex reward structures (e.g., curvature or acceleration matching) can be built atop this
approach.

• The trend-based method is invariant to small time shifts, making the agent robust to slight timing
errors in its flapping.

Thus the reward function plays a dual role:

1. It enforces physically meaningful behavior aligned with how flapping wings generate motion.

2. It stabilizes the RL optimization problem, allowing PPO to learn efficiently.
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6.5 Training Procedure and PPO Hyperparameters

Training is performed using Stable-Baselines3 PPO. PPO is chosen due to:

• Its robustness to noisy, nonlinear environments.

• Its ability to handle continuous action spaces.

• Its sample efficiency relative to other policy-gradient methods.

Key hyperparameters include:

batch size = 64, nsteps = 1280, γ = 0.99, learning rate = 3× 10−4,

which balance exploration with stable policy updates.
Periodic rollouts after training allow visualization of the learned wing kinematics and the resulting center-

of-mass motion.

7 Apparatuses

7.1 Computer System and Code Editor

All simulations, reinforcement learning training runs, and numerical experiments described in this study were
conducted on a 13-inch MacBook Pro (2022) equipped with an Apple M2 chip and 16 GB of unified memory,
running macOS Sonoma 14.5. The Apple M2 architecture provides substantial floating-point throughput and
efficient memory access, which is beneficial for the repeated numerical integrations and symbolic evaluations
that occur within each RL episode. Although the system does not include a discrete GPU, the PPO algorithm
and the solve ivp integrations used in this project are CPU-bound and therefore executed efficiently on the
M2’s performance cores.

Code development was performed primarily in the Spyder IDE, chosen for its MATLAB-like environment,
variable explorer, and integrated debugging tools. Spyder’s real-time object inspection was especially useful
during development of the aerodynamic model and wing-kinematic routines, where symbolic expressions
and intermediate numerical arrays required close monitoring. However, all large-scale PPO training runs
and rollout evaluations were executed from the macOS terminal. Running the code in a terminal environ-
ment reduced overhead, ensured deterministic library loading, and enabled long training sessions without
interruption from IDE-related memory usage or interface delays.

This combination of Spyder for editing and terminal execution offered a flexible workflow: interactive
debugging and iterative refinement during development, followed by stable command-line execution for
extended numerical simulations. Despite being performed on a laptop system without specialized hardware
accelerators, the computations remained tractable due to (i) the reduced-order aerodynamic model, (ii)
efficient vectorized NumPy/SciPy routines, and (iii) PPO’s stable on-policy training that avoids excessively
large batch sizes. Training stability and simulation speed were further enhanced by compiling symbolic
expressions into optimized NumPy functions via sympy.lambdify, enabling the environment to evaluate
aerodynamic forces and inertial terms in real time during PPO rollouts.

Overall, the computational setup was sufficient for the reinforcement-learning-based identification of
wing-beating kinematics, and the development workflow supported both rapid prototyping and long-duration
numerical experimentation.

Code Development
(Spyder IDE)

Execution
(macOS Terminal)

PPO Training
& Simulation

(FlappingEnv + SB3)edit & debug run training

Figure 9: Workflow used for code development, debugging, and PPO training.
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7.2 Software and Computational Libraries

The implementation of the flapping-wing reinforcement learning system relies on a collection of scientific
computing and machine-learning libraries within the Python ecosystem. Each library was selected based on
numerical stability, efficiency, and compatibility with symbolic modeling and RL frameworks.

NumPy. NumPy provides the foundational array structures and vectorized operations used throughout
the aerodynamic model, wing kinematics, and environment integration. All high-frequency numerical com-
putations, including velocity transformations, evaluation of symbolic expressions, and force aggregation,
depend on NumPy’s optimized linear algebra routines.

SciPy. SciPy is used primarily for numerical integration, including the Runge–Kutta ODE solver solve ivp

and the Gauss–Legendre quadrature routine quad. These tools enable stable and accurate time integration
of the nonlinear dynamics and spanwise aerodynamic forces.

SymPy. SymPy is used to construct and symbolically simplify expressions for aerodynamic forces, inertial
terms, and reference-frame transformations. After symbolic derivation, these expressions are compiled into
efficient numerical functions using lambdify, allowing real-time evaluation during PPO rollouts.

Gymnasium / OpenAI Gym API. The flapping-wing environment (FlappingEnv) adheres to the Gym
API, enabling interoperability with reinforcement learning libraries. The step-based architecture naturally
integrates with PPO’s collection of state–action–reward sequences.

Stable-Baselines3 (SB3). PPO training is performed using the Stable-Baselines3 implementation. SB3
provides a reliable, well-tested PPO optimizer that supports continuous action spaces, making it well-suited
for learning wing-kinematic parameters. Its implementation also ensures efficient batching and stable policy
updates, which are essential for simulation-heavy environments like this one.

Matplotlib. Matplotlib is used for visualization of rollout trajectories, wing kinematic histories, and eval-
uation diagnostics. All trajectory plots and post-training validation figures are generated using this library.

Together, these tools form a computational stack that supports symbolic derivation, numerical integra-
tion, real-time aerodynamic evaluation, and reinforcement learning optimization within a single, cohesive
framework.
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8 Results

8.1 Preliminary Results

During the initial reinforcement learning runs, a very simple reward function was used that penalized de-
viations from the initial y and z positions in order to encourage hovering behavior. The environment was
configured with a maximum of 200 steps per episode and a total training horizon of 10,000 timesteps, with
512 timesteps collected per PPO rollout. In this first attempt, the action space was intentionally chosen to
be large in order to allow the policy maximum flexibility in selecting wing–beat parameters.

The results of this first run are shown in Figures 10–11. The system quickly diverged from the desired
hover condition, and the wing–beat parameters showed little meaningful adaptation over time.

Figure 10: Body position over time for the initial reinforcement learning run. The horizontal and vertical
axes represent dimensionless time and position, respectively.
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Figure 11: Wing kinematic angles over time for the initial reinforcement learning run. The horizontal and
vertical axes represent dimensionless time and angle, respectively.

Figure 12: Trajectory of the body center of mass for the initial reinforcement learning run.
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The large initial action space made it difficult for the policy to identify parameter combinations that
produced near–equilibrium behavior. Examination of the PPO training logs revealed that both the episode
reward mean and the action distribution standard deviation remained nearly constant across iterations,
indicating that the policy was not effectively exploring or improving. This behavior suggested that the
optimization problem was ill–conditioned due to the scale of the action space and the simplicity of the
reward definition.

To address this, the action bounds were reduced and the reward function was modified. Several inter-
mediate reinforcement learning runs were conducted using different reward scalings and parameter limits.
Representative results from these additional runs are shown in Figures 13–15. In these cases, the policy was
able to reduce drift in the y direction, but significant downward motion in z remained.

Figure 13: Intermediate reinforcement learning result showing partial stabilization in y.
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Figure 14: Body position over time for an intermediate reinforcement learning run.

Figure 15: Wing kinematics corresponding to the intermediate reinforcement learning run.
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A subsequent experiment focused on scaling the reward function in order to improve the numerical
conditioning of the learning signal. With this rescaled reward, the PPO policy finally began to exhibit
consistent learning behavior. Figures ??–?? show the wing kinematics, body motion, and trajectory for this
run.

Figure 16: y and z displacements over time for the refined run.

And then another run with more time steps over the entire environment.

Figure 17: Wing kinematics of run with more timesteps.

29



Figure 18: Trajectory from run with more timesteps.

During this rescaled reward run, the episode reward increased by over 25%, indicating that the policy
was successfully identifying parameter changes that improved performance. After confirming that learning
was occurring, the reward function was reverted to the originally intended formulation, and a much longer
training run was initiated in order to assess whether the policy could continue improving over extended
training.

The early iterations of this longer run are shown below, followed by the final iterations after approximately
17 hours of training:

[initial PPO training log excerpts]

----------------------------------

| rollout/ | |

| ep_len_mean | 200 |

| ep_rew_mean | -1.75e+04 |

| time/ | |

| fps | 1 |

| iterations | 1 |

| time_elapsed | 334 |

| total_timesteps | 512 |

----------------------------------

-----------------------------------------

| rollout/ | |

| ep_len_mean | 200 |

| ep_rew_mean | -2.08e+04 |

| time/ | |

| fps | 1 |

| iterations | 2 |

| time_elapsed | 643 |

| total_timesteps | 1024 |

| train/ | |
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| approx_kl | 0.006990889 |

| clip_fraction | 0.0482 |

| clip_range | 0.2 |

| entropy_loss | -9.93 |

| explained_variance | -0.000166 |

| learning_rate | 0.0003 |

| loss | 1.3e+06 |

| n_updates | 10 |

| policy_gradient_loss | -0.0113 |

| std | 0.998 |

| value_loss | 3.46e+06 |

-----------------------------------------

-----------------------------------------

| rollout/ | |

| ep_len_mean | 200 |

| ep_rew_mean | -1.9e+04 |

| time/ | |

| fps | 1 |

| iterations | 3 |

| time_elapsed | 934 |

| total_timesteps | 1536 |

| train/ | |

| approx_kl | 0.005791565 |

| clip_fraction | 0.0158 |

| clip_range | 0.2 |

| entropy_loss | -9.91 |

| explained_variance | 0.00179 |

| learning_rate | 0.0003 |

| loss | 1.87e+06 |

| n_updates | 20 |

| policy_gradient_loss | -0.00826 |

| std | 0.997 |

| value_loss | 3.71e+06 |

-----------------------------------------

[final PPO training log excerpts]

-------------------------------------------

| rollout/ | |

| ep_len_mean | 200 |

| ep_rew_mean | -3.51e+03 |

| time/ | |

| fps | 1 |

| iterations | 194 |

| time_elapsed | 54709 |

| total_timesteps | 99328 |

| train/ | |

| approx_kl | 0.00011171156 |

| clip_fraction | 0 |

| clip_range | 0.2 |

| entropy_loss | -8.42 |

| explained_variance | 0.0662 |

| learning_rate | 0.0003 |

| loss | 1e+05 |

| n_updates | 1930 |
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| policy_gradient_loss | -0.000971 |

| std | 0.837 |

| value_loss | 1.83e+05 |

-------------------------------------------

-----------------------------------------

| rollout/ | |

| ep_len_mean | 200 |

| ep_rew_mean | -3.51e+03 |

| time/ | |

| fps | 1 |

| iterations | 195 |

| time_elapsed | 54969 |

| total_timesteps | 99840 |

| train/ | |

| approx_kl | 0.011059868 |

| clip_fraction | 0.0842 |

| clip_range | 0.2 |

| entropy_loss | -8.42 |

| explained_variance | 0.0129 |

| learning_rate | 0.0003 |

| loss | 2.11e+05 |

| n_updates | 1940 |

| policy_gradient_loss | -0.0149 |

| std | 0.836 |

| value_loss | 3.95e+05 |

-----------------------------------------

-----------------------------------------

| rollout/ | |

| ep_len_mean | 200 |

| ep_rew_mean | -3.44e+03 |

| time/ | |

| fps | 1 |

| iterations | 196 |

| time_elapsed | 55229 |

| total_timesteps | 100352 |

| train/ | |

| approx_kl | 0.010119354 |

| clip_fraction | 0.138 |

| clip_range | 0.2 |

| entropy_loss | -8.41 |

| explained_variance | 5.13e-05 |

| learning_rate | 0.0003 |

| loss | 1.04e+05 |

| n_updates | 1950 |

| policy_gradient_loss | -0.0154 |

| std | 0.835 |

| value_loss | 1.77e+05 |

-----------------------------------------

Across this extended run, the episode reward mean steadily increased by more than 75% over approxi-
mately 196 iterations, while the action distribution standard deviation gradually decreased. This behavior
indicates that the policy was learning to consistently select wing–beat parameters that reduce body drift.
The final results of this run, shown in Figures 19–21, demonstrate simultaneous improvement in both y and
z motion.
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Figure 19: Body positions over the time interval

Figure 20: Wing kinematics over the time interval

While true hovering was not achieved within the available training time, these results suggest that the
reinforcement learning framework is capable of discovering wing–beat parameter trends that reduce drift in
both spatial directions. Continued training and further refinement of the reward structure are expected to
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Figure 21

improve convergence toward sustained hover.

8.2 Final Results

Figure 22: Y and Z displacements over a 2 second time span.
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Figure 23: The wing kinematics over the time interval that the policy learned. Reward function likely
indirectly over-punishes large amplitudes and high frequencies, which have been shown

Figure 24: A outlook on what the 2.5 second trajectory looks like for the policies’ chosen wing kinematics.
As shown, the policy approaches hovering, but needs to explore more actions to discover true hover.

Although this run still did not result in the desired hover behavior, it is approach pretty close as shown
by the drastic improvement in reward for the time steps:

[initial PPO training log excerpts]

----------------------------------

| rollout/ | |

| ep_len_mean | 25 |

| ep_rew_mean | -1.73e+03 |

| time/ | |

| fps | 0 |

| iterations | 1 |

| time_elapsed | 1615 |

| total_timesteps | 1280 |
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----------------------------------

----------------------------------------

| rollout/ | |

| ep_len_mean | 25 |

| ep_rew_mean | -1.84e+03 |

| time/ | |

| fps | 0 |

| iterations | 2 |

| time_elapsed | 3242 |

| total_timesteps | 2560 |

| train/ | |

| approx_kl | 0.00868952 |

| clip_fraction | 0.0938 |

| clip_range | 0.2 |

| entropy_loss | -9.92 |

| explained_variance | 2.37e-05 |

| learning_rate | 0.0003 |

| loss | 6.56e+05 |

| n_updates | 10 |

| policy_gradient_loss | -0.0159 |

| std | 0.997 |

| value_loss | 9e+05 |

----------------------------------------

-----------------------------------------

| rollout/ | |

| ep_len_mean | 25 |

| ep_rew_mean | -1.73e+03 |

| time/ | |

| fps | 0 |

| iterations | 3 |

| time_elapsed | 4884 |

| total_timesteps | 3840 |

| train/ | |

| approx_kl | 0.006924638 |

| clip_fraction | 0.0556 |

| clip_range | 0.2 |

| entropy_loss | -9.91 |

| explained_variance | -0.000117 |

| learning_rate | 0.0003 |

| loss | 4.61e+05 |

| n_updates | 20 |

| policy_gradient_loss | -0.0122 |

| std | 0.996 |

| value_loss | 1e+06 |

-----------------------------------------

[Intermediate PPO training log excerpts]

-----------------------------------------

| rollout/ | |

| ep_len_mean | 25 |

| ep_rew_mean | -130 |

| time/ | |

| fps | 0 |

| iterations | 155 |
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| time_elapsed | 540348 |

| total_timesteps | 198400 |

| train/ | |

| approx_kl | 0.006647116 |

| clip_fraction | 0.0748 |

| clip_range | 0.2 |

| entropy_loss | -8.58 |

| explained_variance | 0.0242 |

| learning_rate | 0.0003 |

| loss | 6.97e+03 |

| n_updates | 1540 |

| policy_gradient_loss | -0.00826 |

| std | 0.881 |

| value_loss | 4.13e+04 |

-----------------------------------------

------------------------------------------

| rollout/ | |

| ep_len_mean | 25 |

| ep_rew_mean | -150 |

| time/ | |

| fps | 0 |

| iterations | 156 |

| time_elapsed | 541909 |

| total_timesteps | 199680 |

| train/ | |

| approx_kl | 0.0064748637 |

| clip_fraction | 0.0619 |

| clip_range | 0.2 |

| entropy_loss | -8.58 |

| explained_variance | 0.0578 |

| learning_rate | 0.0003 |

| loss | 9.17e+03 |

| n_updates | 1550 |

| policy_gradient_loss | -0.00811 |

| std | 0.882 |

| value_loss | 1.51e+04 |

------------------------------------------

-----------------------------------------

| rollout/ | |

| ep_len_mean | 25 |

| ep_rew_mean | -160 |

| time/ | |

| fps | 0 |

| iterations | 157 |

| time_elapsed | 543487 |

| total_timesteps | 200960 |

| train/ | |

| approx_kl | 0.006274433 |

| clip_fraction | 0.0381 |

| clip_range | 0.2 |

| entropy_loss | -8.57 |

| explained_variance | 0.0487 |

| learning_rate | 0.0003 |

| loss | 1.85e+04 |
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| n_updates | 1560 |

| policy_gradient_loss | -0.00675 |

| std | 0.881 |

| value_loss | 4.97e+04 |

-----------------------------------------

[final PPO training log excerpts]

------------------------------------------

| rollout/ | |

| ep_len_mean | 25 |

| ep_rew_mean | -100 |

| time/ | |

| fps | 0 |

| iterations | 18 |

| time_elapsed | 28854 |

| total_timesteps | 23040 |

| train/ | |

| approx_kl | 0.0081445305 |

| clip_fraction | 0.0932 |

| clip_range | 0.2 |

| entropy_loss | -8.61 |

| explained_variance | -0.0113 |

| learning_rate | 0.0003 |

| loss | 1.47e+04 |

| n_updates | 1740 |

| policy_gradient_loss | -0.00737 |

| std | 0.889 |

| value_loss | 1.64e+04 |

------------------------------------------

------------------------------------------

| rollout/ | |

| ep_len_mean | 25 |

| ep_rew_mean | -130 |

| time/ | |

| fps | 0 |

| iterations | 19 |

| time_elapsed | 30416 |

| total_timesteps | 24320 |

| train/ | |

| approx_kl | 0.0077872844 |

| clip_fraction | 0.0603 |

| clip_range | 0.2 |

| entropy_loss | -8.6 |

| explained_variance | -0.00247 |

| learning_rate | 0.0003 |

| loss | 1.94e+04 |

| n_updates | 1750 |

| policy_gradient_loss | -0.00926 |

| std | 0.886 |

| value_loss | 1.91e+04 |

------------------------------------------

-----------------------------------------

| rollout/ | |

| ep_len_mean | 25 |
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| ep_rew_mean | -70 |

| time/ | |

| fps | 0 |

| iterations | 20 |

| time_elapsed | 31998 |

| total_timesteps | 25600 |

| train/ | |

| approx_kl | 0.008912076 |

| clip_fraction | 0.0765 |

| clip_range | 0.2 |

| entropy_loss | -8.58 |

| explained_variance | 0.0276 |

| learning_rate | 0.0003 |

| loss | 8.57e+03 |

| n_updates | 1760 |

| policy_gradient_loss | -0.00755 |

| std | 0.885 |

| value_loss | 2.43e+04 |

-----------------------------------------
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9 Discussion of Results

The results obtained from training the PPO agent did not converge to a hovering trajectory. Instead,
the learned policies predominantly shifted the mean wing angle while leaving the flapping amplitude and
frequency parameters nearly unchanged throughout training. This behavior is consistent with the structure
of the reward function and its interaction with the action parameterization.

Although the action vector supplied to the agent includes parameters that control flapping amplitude,
flapping frequency, and mean pitching angles, the reward function is highly sensitive to only a subset of
these variables. In particular, the reward penalizes deviations of the body’s center of mass from the desired
target location at each timestep. Small changes to the mean wing angles can produce an immediate and
consistent change in the net aerodynamic force direction. In contrast, changes to amplitude or frequency
require coordinated, time-dependent interactions between both wings before producing measurable effects on
the vertical force. As a result, the reward landscape is much steeper with respect to mean-angle adjustments
than with respect to oscillatory parameters such as amplitude and frequency. The PPO update, which relies
on the gradient of the expected return, therefore receives a much stronger learning signal in the directions
associated with mean offsets than in those associated with oscillatory control.

This imbalance effectively biases the agent toward exploiting the simplest available mechanism for re-
ducing the instantaneous position error: adjusting the baseline wing orientation. Because amplitude and
frequency produce weaker and noisier reward gradients over short episode lengths, the agent gains little useful
information about how variations in these parameters affect the long-term hovering performance. Conse-
quently, the policy collapses onto a narrow region of the action space in which only the mean wing angles
are significantly varied, while the amplitude and frequency parameters remain near their initial values. This
phenomenon is further reinforced by PPO’s clipping objective, which prevents large exploratory updates in
directions where the reward gradient is weak or dominated by variance.

In summary, the reward function as currently designed does not sufficiently incentivize exploration of
the full action space, particularly with respect to parameters that influence force production only indirectly
or over extended timescales. As a result, the learned policies cannot discover flapping motions capable of
generating sustained vertical lift, and the system fails to converge to a hovering solution. A more effective
reward structure would need to provide clear credit assignment for improvements in vertical force production
over an entire flapping cycle, or explicitly reward aerodynamic efficiency and lift generation associated with
amplitude and frequency modulation. Such modifications would likely improve the agent’s ability to explore
and exploit the full range of physically relevant wing kinematics.

10 Conclusions

This project represents my first experience applying Reinforcement Learning to a dynamic, physics-driven
control problem, and it has been a significant learning curve. Coming from a background in mechanical
and aerospace engineering, much of my previous work has been rooted in deterministic modeling, rigid-
body dynamics, and numerical simulation. Integrating computer science concepts—particularly policy-based
learning, stochastic optimization, and reward shaping—required me to step outside my usual analytical
framework and adopt new ways of thinking about control and system behavior. In that sense, the project
has been as much an educational journey as a technical one.

Although the PPO agent did not ultimately achieve stable hover, the partial progress it exhibited demon-
strates that the learning pipeline is capable of capturing nontrivial aerodynamic relationships. The agent
began to exploit consistent trends in the reward landscape, even if those trends were not aligned with the
physical behaviors required for sustained lift. It is clear from the results and from the diagnostic analyses
that the limitations arose primarily from the formulation of the reward function and the structure of the
action space, rather than from a fundamental inability of reinforcement learning to model flapping flight.
With additional time to redesign the reward shaping, balance the action parameterization, and tune the
PPO hyperparameters, I am confident that substantially better performance could be achieved. Such im-
provements would not only enable hover learning but would also open the door to more advanced tasks, such
as stabilization and trajectory tracking.

Despite its imperfections, this work establishes a foundation for future research at the intersection of
reinforcement learning and bio-inspired flight. Biological flyers generate lift and maneuver through complex,
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time-varying sensorimotor processes that are difficult to express analytically but are well suited to learning-
based approaches. Even the simplified model used here begins to illustrate how an artificial agent can infer
wingbeat strategies without explicitly programmed aerodynamic rules. With further development, these
methods could eventually approximate the neural control strategies insects and birds use to coordinate
flapping motion, adapt to disturbances, and follow dynamic trajectories. As such, this project is a positive
step toward a broader exploration of how modern learning techniques can deepen our understanding of
natural flight and contribute to the design of agile, autonomous micro air vehicles.

11 Recommendations

The failure of the current PPO implementation to generate flapping kinematics capable of sustained hover
highlights several avenues for improvement in the learning architecture. The following recommendations
outline potential modifications that may enable more effective exploration of the action space and better
credit assignment for aerodynamic performance.

Reward Function Redesign

A central limitation of the current training setup is that the reward signal is dominated by instantaneous
position error. Because this error responds strongly to small changes in mean wing angle but only weakly
to amplitude or frequency changes, the agent learns to exploit the variable with the steepest and least
ambiguous reward gradient. To counteract this imbalance, future work should consider:

• Shaping Terms for Aerodynamic Performance: Adding explicit rewards for generating upward
force, maintaining symmetry, or matching desired force–phase profiles may encourage exploration of
amplitude and frequency parameters.

• Penalizing Policy Stagnation: Introducing entropy bonuses or anti-collapse penalties can help
prevent premature convergence onto mean-angle-only solutions.

PPO Hyperparameter Modifications

Even with improved rewards and action structures, PPO may require hyperparameter adjustments to ade-
quately explore the aerodynamic control space:

• Increase Entropy Coefficient: Strengthening the entropy bonus encourages broader exploration
and reduces premature fixation on mean-angle strategies.

• Reduce Clipping Range: A tighter clipping threshold can prevent destructive updates when reward
gradients become noisy or uninformative.

• Increase Rollout Length: Larger values of nsteps provide the agent with longer temporal dependen-
cies, enabling it to observe the delayed aerodynamic effects of amplitude or frequency changes.

• Use Smaller Learning Rates: Reducing the policy learning rate can help stabilize training when
gradients vary strongly across action dimensions.

Overall, a combination of reward shaping, improved action representation, carefully tuned hyperparam-
eters, and potentially more expressive policy architectures offers a promising path toward learning wing
kinematics capable of stable hover.
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A Code

A.1 Simulation Code

A.1.1 main.py

1 #!/usr/bin/env python3

2 # -*- coding: utf -8 -*-

3 """

4 @author: albertaddo

5 """

6

7 import sympy as sp

8 import numpy as np

9 from numpy import pi

10 from funcs import *

11 from scipy.integrate import solve_ivp

12 from scipy.integrate import quad

13 import matplotlib.pyplot as plt

14

15 plt.close(’all’)

16

17 # Defining on dimensionless constants

18 ndc = {"CT": 2.5, "CR": np.pi, "A_CD": 1.4, "B_CD": 1.0, "Pi1": 0.23, "Pi2": 4.5,

19 "pi2": 0.37, "pi1": sp.symbols(’pi1’, real = True , positive = True), "pi3":

0.2, "pi4": 0.25}

20 l1 = 0.006

21 g = 9.81

22

23 knd = .3

24 cnd = .2

25 l0 = 3

26

27

28 t = sp.symbols(’t’, real = True , positive = True)

29 phi = sp.Function(’phi’, real = True)(t)

30 y = sp.Function(’y’, real = True)(t)

31 z = sp.Function(’z’, real = True)(t)

32 psi = sp.Function(’psi’, real = True)(t)

33

34 theta = pi/2

35 thetad = 0

36 thetadd = 0

37 phid = sp.diff(phi , t)

38 phidd = sp.diff(phid , t)

39 psid = sp.diff(psi , t)

40 psidd = sp.diff(psid , t)

41 yd = sp.diff(y, t)

42 ydd = sp.diff(yd, t)

43 zd = sp.diff(z, t)

44 zdd = sp.diff(zd, t)

45

46 b1 = sp.Matrix ([[1] ,[0] ,[0]])

47 b2 = sp.Matrix ([[0] ,[1] ,[0]])

48 c1 = sp.Matrix ([[1] ,[0] ,[0]])

49 c2 = sp.Matrix ([[0] ,[1] ,[0]])

50 d1 = sp.Matrix ([[1] ,[0] ,[0]])

51 d2 = sp.Matrix ([[0] ,[1] ,[0]])

52 d3 = sp.Matrix ([[0] ,[0] ,[1]])
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53 ey = sp.Matrix ([[0] ,[1] ,[0]])

54 ez = sp.Matrix ([[0] ,[0] ,[1]])

55

56 omega_I_B = sp.diff(theta ,t) * b1

57 omega_I_C = transBC(phi , omega_I_B) - phid * c2

58 omega_I_D = transCD(psi , omega_I_C) + psid*d1

59

60 term1_C = ndc["pi1"] * (omega_I_C.cross(c1))

61 # print(term1_C)

62 term2_B = omega_I_B.cross(ndc["pi2"]*b2 + ndc["pi3"]*b1)

63 term3_I = yd*ey+zd*ez

64 # term3_I = sp.Matrix ([[0] ,[yd],[zd]])

65

66 term1_D = transCD(psi ,term1_C)

67 term2_D = transCD(psi , transBC(phi , term2_B))

68 term3_D = transCD(psi , transBC(phi , transIB(theta , term3_I)))

69 v_D_dwO = sp.simplify(term1_D + term2_D + term3_D)

70 # print(v_D_dwO)

71

72 v_D_dwO_simplified = sp.simplify(sp.trigsimp(v_D_dwO))

73 # print(v_D_dwO_simplified)

74

75

76 # Compute projections of v_D_dwO on d2 and d3 in D-frame

77 v_dot_d2 = v_D_dwO_simplified [1] # component along d2

78 v_dot_d3 = v_D_dwO_simplified [2] # component along d3

79 # print(v_dot_d2 , "|||", v_dot_d3)

80

81 # U_vec_dw(s) in D-frame

82 U_vec_dw = sp.simplify(v_dot_d2 * d2 + v_dot_d3 * d3)

83

84 # Matrix R

85 R = sp.Matrix ([

86 [1, 0, 0],

87 [0, 0, -1],

88 [0, 1, 0]

89 ])

90

91 I3 = sp.eye (3)

92

93 U_mag = sp.sqrt(U_vec_dw.dot(U_vec_dw))+1e-9

94

95 U_mag_func = sp.lambdify ((t, y, z, yd, zd, phi , phid , phidd , ndc["pi1"]), U_mag , "

numpy")

96

97 Gamma = -(ndc["CT"]* U_vec_dw [1]* U_vec_dw [2])/U_mag +((ndc["CR"]*ndc["pi2"])/2)*

omega_I_D [0]

98

99

100 CD = ndc["A_CD"] - ndc["B_CD"]*(( U_vec_dw [1]**2 - (U_vec_dw [2]**2))/U_mag **2)

101

102 faero = transIB(theta ,transBC(phi ,transCD(psi , ndc["Pi2"]*( Gamma*R-CD*U_mag*sp.eye

(3)/2)*U_vec_dw , ’D’),’C’),’B’)

103 f_sy = sp.lambdify ((t, y, z, yd, zd, phi , phid , phidd , psi , psid , psidd , ndc["pi1"

]), faero [1], "numpy")

104 f_sz = sp.lambdify ((t, y, z, yd, zd, phi , phid , phidd , psi , psid , psidd , ndc["pi1"

]), faero [2], "numpy")

105

106 #Equations of motion

44



107 # ddy = faero [1];

108 # ddz = -ndc["Pi1 "]*(.5*( -sp.sin(phi)*phid **2+sp.cos(phi)*phidd **2) -\

109 # ndc["pi4"]*(-sp.sin(theta)*thetad **2+sp.cos(theta)*thetadd

**2)) -1+faero [2]

110 ddzna = -ndc["Pi1"]*(.5*( -sp.cos(theta)*sp.sin(phi)*phid **2+sp.cos(theta)*sp.cos(

phi)*phidd)+\

111 ndc["pi4"]*(-sp.sin(theta)*thetad **2+sp.cos(theta)*thetadd)) -1

112 ddyna = -ndc["Pi1"]*(-ndc["pi4"]* thetadd*sp.sin(theta)-ndc["pi4"]* thetad **2*sp.cos

(theta)-\

113 .5*( phidd*sp.sin(phi)+phid **2*sp.cos(phi)))

114

115

116 # After defining symbolic ddy and ddz:

117 ddzna_simplified = sp.simplify(ddzna)

118 ddyna_simplified = sp.simplify(ddyna)

119

120 # Convert to numeric callable functions

121 vars_ = (t, y, z, yd, zd, phi , phid , phidd)

122 ddzna_func = sp.lambdify(vars_ , ddzna_simplified , modules=’numpy ’)

123 ddyna_func = sp.lambdify(vars_ , ddyna_simplified , modules=’numpy ’)

124

125

126 # phi(t) input

127 A1 = np.deg2rad (60)

128 # w1 = (2 * np.pi * 1802.5/60)/np.sqrt(g/l1)

129 w1 = (2 * np.pi * 1695/60)/np.sqrt(g/l1)

130 psimax = np.deg2rad (10.05) *2

131 psimin = np.deg2rad ( -10.05)*2

132 A_psi = (psimax -psimin)/2

133 phic = (psimax+psimin)/2

134

135

136 def phi_input(t):

137 return A1 * np.cos(w1*t) + np.deg2rad ( -13.5);

138

139 def phi_d_input(t):

140 return -A1 * (w1*np.sin(w1*t))

141

142 def phi_dd_input(t):

143 return -A1 * w1**2 * np.cos(w1*t)

144

145 def psi_input(t):

146 return -A_psi * np.sin(w1*t) + phic;

147

148 def psi_d_input(t):

149 return -A_psi * (w1*np.cos(w1*t))

150

151 def psi_dd_input(t):

152 return A_psi * w1**2 * np.sin(w1*t)

153 # ---------------------

154

155 # RHS for solver

156 def rhs(t, Y):

157 y, z, dy, dz = Y

158 ph, phd , phdd = phi_input(t), phi_d_input(t), phi_dd_input(t)

159 ps, psd , psdd = psi_input(t), psi_d_input(t), psi_dd_input(t)

160 ddy = ddyna_func(t, y, z, dy, dz, ph, phd , phdd) + \

161 quad(lambda s: f_sy(t, y, z, dy, dz, ph, phd , phdd , ps, psd , psdd , s),

0, 1)[0]
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162 ddz = ddzna_func(t, y, z, dy, dz, ph, phd , phdd) + \

163 quad(lambda s: f_sz(t, y, z, dy, dz, ph, phd , phdd , ps, psd , psdd , s),

0, 1)[0]

164

165 # print ("Z-Vel: ", dz*np.sqrt(g*l1))

166 # print ("Y-Vel: ", dy*np.sqrt(g*l1))

167 # print ("Z-Acc: ", ddy*g)

168 # print ("Y-Acc: ", ddz*g)

169 # # print ("Aero Force Acceleration: ",quad(lambda s: f_sz(t, y, z, dy, dz, ph,

phd , phdd , s), 0, 1)[0]*g)

170 # print ("t: ", t*np.sqrt(l1/g))

171 # print(ddy ,ddz)

172 # zdd = ddz_func(t, y, z, yd, zd, ph, phd , phdd)

173

174 return [float(dy), float(dz), ddy , ddz]

175

176 def rhs2(t, Y):

177 z, zd = Y

178 ph = phi_input(t)

179 phd = phi_d_input(t)

180 phdd = phi_dd_input(t)

181 zdd = ddzna_func(t, y, z, yd, zd, ph, phd , phdd)

182 # zdd=-1

183 # if not np.isfinite(zdd) or abs(zdd) >1e6: zdd=0

184 # if np.isnan(ydd) or np.isnan(zdd):

185 # ydd , zdd = 0, 0 # prevent propagation of NaN

186 return [zd, zdd]

187

188 def rhs3(t, X):

189 x,xd = X;

190 xdd = -cnd*xd-knd*(x-1)

191 return [xd, xdd]

192 # Integrate

193

194 X0 = [6/l0, 0]

195

196 # Y0 = [0, 0, -.36/np.sqrt(g*l1), 0]

197 Y0 = [0, 0, 0, 0]

198 t_span = (0,5/np.sqrt(l1/g))

199 t_eval = np.linspace (*t_span , 2000)

200

201 Z0 = [Y0[1],Y0[3]]

202 sol = solve_ivp(rhs ,

203 t_span ,

204 Y0,

205 t_eval=t_eval ,

206 method=’RK45’,

207 rtol=1e-4,

208 atol=1e-6)

209 # max_step = 1e-6)

210

211 na_sol = solve_ivp(rhs2 ,

212 t_span ,

213 Z0,

214 t_eval=t_eval ,

215 method=’RK45’,

216 rtol=1e-6,

217 atol=1e-8)

218 # max_step = 5e-5)
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219

220

221 plt.figure(figsize =(8, 4))

222 plt.plot(sol.t*np.sqrt(l1/g), sol.y[0]*l1, label=’y(t)’)

223 plt.xlabel(’Time [s]’)

224 plt.ylabel(’Y-Displacement [m]’)

225 plt.title(’Y-Position Over Time’)

226 plt.grid(True)

227

228 # print(sol.y[1])

229 plt.figure(figsize =(8, 4))

230 plt.plot(sol.t*np.sqrt(l1/g), sol.y[1]*l1, label=’z(t)’)

231 # plt.plot(na_sol.t*np.sqrt(l1/g), na_sol.y[0]*l1, label = ’z(t) with No Aero

Force ’)

232 plt.xlabel(’Time [s]’)

233 plt.ylabel(’Z-Displacement [m]’)

234 plt.title(’Z-Position Over Time’)

235 plt.legend ()

236 plt.grid(True)

237

238 # print(sol.y[1])

239 plt.figure(figsize =(8, 4))

240 plt.plot(sol.y[0]*l1, sol.y[1]*l1)

241 plt.xlabel(’Y [m]’)

242 plt.ylabel(’Z [m]’)

243 plt.title(’Trajectory ’)

244 plt.grid(True)

245 plt.xlim(-.5, .5)

246 plt.ylim (-.5,.5)

247

248 # plt.figure(figsize =(8, 4))

249 # plt.plot(sol.t*np.sqrt(l1/g), phi_input(sol.t), label=’phi ’)

250 # plt.xlabel(’Time [s]’)

251 # plt.ylabel(’$\phi (t)$ [radians]’)

252 # plt.title(’Wing Beat Angle Over Time ’)

253 # plt.grid(True)

254 # plt.show()

255

256 # plt.figure(figsize =(8, 4))

257 # plt.plot(sol.t*np.sqrt(l1/g), psi_input(sol.t), label=’psi ’)

258 # plt.xlabel(’Time [s]’)

259 # plt.ylabel(’$\psi (t)$ [radians]’)

260 # plt.title(’Wing Pitch Angle Over Time ’)

261 # plt.grid(True)

262 # plt.show()

263

264 # plt.figure(figsize =(8, 4))

265 # plt.plot(osc_sol.t*np.sqrt(l0/g), osc_sol.y[0]*l0, label=’x ’)

266 # plt.xlabel(’Time [s]’)

267 # plt.ylabel(’X(t)[meters]’)

268 # plt.title(’Simple Harmonic Oscillator ’)

269 # plt.grid(True)

270 # plt.show()

A.2 funcs.py

1 #!/usr/bin/env python3
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2 # -*- coding: utf -8 -*-

3 """

4 Albert Addo

5 Professor Jane Wang Advisor

6 Equation of Motion Validation Using One Blade Element

7 Helper Function Module

8 """

9 import sympy as sp

10 import numpy as np

11

12 # Defining on dimensionless constants

13 ndc = {"CT": 2.5, "CR": 0.05, "A_CD": 1.3, "B_CD": 0.7, "Pi1": 0.4, "Pi2": 0.1,

14 "pi2": 0.25, "pi1": 1/2}

15

16 # Define symbolic rotation angles

17 theta , phi , psi , z, y = sp.symbols(’theta phi psi z y’, real=True)

18

19 # Define DCMs

20 BNI = sp.Matrix ([

21 [1, 0, 0],

22 [0, sp.cos(theta), sp.sin(theta)],

23 [0, -sp.sin(theta), sp.cos(theta)]

24 ])

25

26 CNB = sp.Matrix ([

27 [ sp.cos(phi), 0, sp.sin(phi)],

28 [0, 1, 0],

29 [-sp.sin(phi), 0, sp.cos(phi)]

30 ])

31

32 DNC = sp.Matrix ([

33 [0, sp.cos(psi), sp.sin(psi)],

34 [1, 0, 0],

35 [0, -sp.sin(psi), sp.cos(psi)]

36 ])

37

38 # Conducting tranformation operations

39 def transIB(theta , input_data=None , frame=’I’, direction=None , scalar=None):

40 """

41 Transform between Inertial (I) and Body (B) frames.

42 Either:

43 - Mode (a): transIB(scalar=s, frame=’I’, direction =1) -> returns 3x1

44 vector

45 - Mode (b): transIB(vector , frame=’I ’) -> transforms vector to other

46 frame

47 """

48 BNI = sp.Matrix ([

49 [1, 0, 0],

50 [0, sp.cos(theta), sp.sin(theta)],

51 [0, -sp.sin(theta), sp.cos(theta)]

52 ])

53 if scalar is not None:

54 vec = sp.zeros(3, 1)

55 vec[direction - 1] = scalar

56 input_data = vec

57

58 if frame == ’I’: # I -> B

59 return BNI * input_data

60 elif frame == ’B’: # B -> I
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61 return BNI.T * input_data

62 else:

63 raise ValueError("Frame must be ’I’ or ’B ’.")

64

65

66 def transBC(phi , input_data=None , frame=’B’, direction=None , scalar=None):

67 """

68 Transform between Body (B) and Wing (C) frames.

69 """

70 CNB = sp.Matrix ([

71 [ sp.cos(phi), 0, sp.sin(phi)],

72 [0, 1, 0],

73 [-sp.sin(phi), 0, sp.cos(phi)]

74 ])

75 if scalar is not None:

76 vec = sp.zeros(3, 1)

77 vec[direction - 1] = scalar

78 input_data = vec

79

80 if frame == ’B’: # B -> C

81 return CNB * input_data

82 elif frame == ’C’: # C -> B

83 return CNB.T * input_data

84 else:

85 raise ValueError("Frame must be ’B’ or ’C ’.")

86

87

88 def transCD(psi , input_data=None , frame=’C’, direction=None , scalar=None):

89 """

90 Transform between Wing (C) and D frames.

91 """

92 DNC = sp.Matrix ([

93 [0, sp.cos(psi), sp.sin(psi)],

94 [1, 0, 0],

95 [0, -sp.sin(psi), sp.cos(psi)]

96 ])

97

98 if scalar is not None:

99 vec = sp.zeros(3, 1)

100 vec[direction - 1] = scalar

101 input_data = vec

102

103 if frame == ’C’: # C -> D

104 return DNC * input_data

105 elif frame == ’D’: # D -> C

106 return DNC.T * input_data

107 else:

108 raise ValueError("Frame must be ’C’ or ’D ’.")

A.3 PPO Code

A.3.1 train ppo.py

1 #!/usr/bin/env python3

2 # -*- coding: utf -8 -*-

3 """

4 Albert Addo

5 Under Professor Jane Wang
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6 Using Reinforcement Learning PPO Model to Identify Wing Beating Motion

7

8 This script begins or continues the PPO training.

9 """

10

11 import numpy as np

12 from stable_baselines3 import PPO

13 from rollout_utils import rollout_and_collect

14 from flapping_env import FlappingEnv

15 import matplotlib.pyplot as plt

16 import os

17

18 def build_dummy_target(l1=0.006 , g=9.81):

19 t0 = 0.0

20 t1 = 2.5 / np.sqrt(l1 / g)

21 t_eval = np.linspace(t0, t1, 1000)

22 # example: hover at origin

23 y_ref = np.zeros_like(t_eval)

24 z_ref = np.zeros_like(t_eval)

25 return t_eval , y_ref , z_ref

26

27 if __name__ == "__main__":

28 target_times , target_y , target_z = build_dummy_target ()

29

30 env = FlappingEnv(

31 target_times=target_times ,

32 target_y=target_y ,

33 target_z=target_z ,

34 dt=None , # default: (tf - t0)/max_steps

35 max_steps =25,

36 transition_duration =0.002

37 )

38

39 MODEL_PATH = "hope_this_works"

40

41 if os.path.exists(MODEL_PATH + ".zip"):

42 print("Loading existing model ...")

43 model = PPO.load(MODEL_PATH , env=env)

44 else:

45 print("Creating new model ...")

46 model = PPO(

47 "MlpPolicy",

48 env ,

49 verbose=1,

50 batch_size =64,

51 n_steps =64*20 ,

52 gamma =0.99,

53 learning_rate =0.0003

54 )

55

56 model.learn(total_timesteps =25 _600)

57 model.save(MODEL_PATH)

58

59

60

61 t_all , y_all , z_all , phi_all , psi_all = rollout_and_collect(env , model)

62

63 # plot or print results

64
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65 plt.figure ()

66 plt.plot(t_all*np.sqrt(env.l1/env.g), y_all*env.l1, label="y(t)")

67 plt.plot(t_all*np.sqrt(env.l1/env.g), z_all*env.l1, label="z(t)")

68 plt.xlabel("Time (s)")

69 plt.ylabel("Displacement (m)")

70 plt.legend ()

71

72 plt.figure ()

73 plt.plot(t_all*np.sqrt(env.l1/env.g), phi_all *180/ np.pi, label="phi(t)")

74 plt.plot(t_all*np.sqrt(env.l1/env.g), psi_all *180/ np.pi, label="psi(t)")

75 plt.ylabel("Angle (degrees)")

76 plt.xlabel("Time (s)")

77 plt.title("Wing Angles Over Time")

78 plt.legend ()

79

80 plt.figure ()

81 plt.plot(y_all*env.l1, z_all*env.l1)

82 plt.title("Trajectory")

83 plt.xlabel("Y-Displacement")

84 plt.ylabel("Z-Displacement")

85 plt.show()

A.3.2 flapping env.py

1 #!/usr/bin/env python3

2 # -*- coding: utf -8 -*-

3 """

4 Albert Addo

5 Professor Jane Wang

6 Using Reinforcement Learning PPO Model to Identify Wing Beating Motion

7

8 This Module Holds the Flapping Environment Class

9 """

10

11 import gym

12 import numpy as np

13 from numpy import pi

14 import sympy as sp

15 from scipy.integrate import solve_ivp , quad

16 from wing import Wings

17

18

19 # ---------- linear least -squares helper (like your CO2 code , but linear)

----------

20

21 def linear_least_squares(x, y, std=None):

22 """

23 Weighted linear least -squares fit:

24 y a0 + a1 * x

25

26 Robust to degenerate cases:

27 - If all x are (effectively) equal or the normal matrix is singular ,

28 falls back to a constant fit: a1 = 0, a0 = weighted mean(y).

29 """

30 x = np.asarray(x, dtype=float)

31 y = np.asarray(y, dtype=float)

32

33 if std is None:
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34 w = np.ones_like(y)

35 else:

36 std = np.asarray(std , dtype=float)

37 w = 1.0 / (std * std)

38

39 # If lengths don’t match or too few points , just return a flat fit

40 if x.size != y.size or x.size < 2:

41 a0 = np.average(y) if y.size > 0 else 0.0

42 a1 = 0.0

43 return a0, a1

44

45 # Shift x to improve conditioning (optional but nice)

46 x_mean = np.average(x, weights=w)

47 x_rel = x - x_mean

48

49 S_w = np.sum(w)

50 S_wx = np.sum(w * x_rel)

51 S_wx2 = np.sum(w * x_rel * x_rel)

52 S_wy = np.sum(w * y)

53 S_wxy = np.sum(w * x_rel * y)

54

55 F = np.array ([[S_w , S_wx],

56 [S_wx , S_wx2 ]])

57 b = np.array ([S_wy , S_wxy ])

58

59 # Check for singular or near -singular matrix

60 det = F[0, 0] * F[1, 1] - F[0, 1] * F[1, 0]

61 if abs(det) < 1e-12:

62 # Fall back: constant fit (slope 0), intercept = weighted mean of y

63 a1 = 0.0

64 a0 = S_wy / S_w if S_w > 0 else 0.0

65 return a0, a1

66

67 # Otherwise solve normally

68 a0_rel , a1 = np.linalg.solve(F, b)

69 # Adjust intercept back to original x (undo centering)

70 a0 = a0_rel - a1 * x_mean

71

72 return a0, a1

73

74

75 # ---------- transforms (same as before) ----------

76

77 def transIB(theta , input_data=None , frame=’I’, direction=None , scalar=None):

78 BNI = sp.Matrix ([

79 [1, 0, 0],

80 [0, sp.cos(theta), sp.sin(theta)],

81 [0, -sp.sin(theta), sp.cos(theta)]

82 ])

83 if scalar is not None:

84 vec = sp.zeros(3, 1)

85 vec[direction - 1] = scalar

86 input_data = vec

87

88 if frame == ’I’:

89 return BNI * input_data

90 elif frame == ’B’:

91 return BNI.T * input_data

92 else:
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93 raise ValueError("Frame must be ’I’ or ’B ’.")

94

95

96 def transBC(phi , input_data=None , frame=’B’, direction=None , scalar=None):

97 CNB = sp.Matrix ([

98 [ sp.cos(phi), 0, sp.sin(phi)],

99 [0, 1, 0],

100 [-sp.sin(phi), 0, sp.cos(phi)]

101 ])

102 if scalar is not None:

103 vec = sp.zeros(3, 1)

104 vec[direction - 1] = scalar

105 input_data = vec

106

107 if frame == ’B’:

108 return CNB * input_data

109 elif frame == ’C’:

110 return CNB.T * input_data

111 else:

112 raise ValueError("Frame must be ’B’ or ’C ’.")

113

114

115 def transCD(psi , input_data=None , frame=’C’, direction=None , scalar=None):

116 DNC = sp.Matrix ([

117 [0, sp.cos(psi), sp.sin(psi)],

118 [1, 0, 0],

119 [0, -sp.sin(psi), sp.cos(psi)]

120 ])

121 if scalar is not None:

122 vec = sp.zeros(3, 1)

123 vec[direction - 1] = scalar

124 input_data = vec

125

126 if frame == ’C’:

127 return DNC * input_data

128 elif frame == ’D’:

129 return DNC.T * input_data

130 else:

131 raise ValueError("Frame must be ’C’ or ’D ’.")

132

133

134 class FlappingEnv(gym.Env):

135 """

136 Time -stepping RL environment:

137

138 - Global reference trajectory: target_times , target_y , target_z.

139 - Episode runs from t0 = target_times [0] to tf = target_times [-1].

140 - Each env.step(action) advances from t_curr to t_curr + dt (or tf).

141 - Action = [Aphi , w, phi_c , delta_phi , Apsi , psi_c , delta_psi ].

142 - Wings.set_parameters_with_transition enforces continuity and

143 smooth transitions in , between steps.

144 - Reward is computed from linear least -squares fits of y,z over

145 the interval vs the target y,z over the same interval.

146 """

147

148 metadata = {"render.modes": []}

149

150 def __init__(self ,

151 target_times ,
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152 target_y ,

153 target_z ,

154 dt=None ,

155 max_steps =200,

156 transition_duration =0.002):

157 super ().__init__ ()

158

159 self.target_times = np.asarray(target_times , dtype=float)

160 self.target_y = np.asarray(target_y , dtype=float)

161 self.target_z = np.asarray(target_z , dtype=float)

162

163 self.l1 = 0.006

164 self.g = 9.81

165

166 self.ndc = {

167 "CT": 2.5,

168 "CR": np.pi,

169 "A_CD": 1.4,

170 "B_CD": 1.0,

171 "Pi1": 0.23,

172 "Pi2": 4.5,

173 "pi2": 0.37,

174 "pi1": sp.symbols(’pi1’, real=True , positive=True),

175 "pi3": 0.2,

176 "pi4": 0.25

177 }

178

179 self._build_aero_model ()

180

181 # Episode time settings

182 self.t0 = float(self.target_times [0])

183 self.tf = float(self.target_times [-1])

184

185 if dt is None:

186 # default: split into max_steps equal segments

187 self.dt = (self.tf - self.t0) / max_steps

188 else:

189 self.dt = float(dt)

190

191 self.max_steps = max_steps

192 self.transition_duration = transition_duration

193

194 # Action: [Aphi , w, phi_c , delta_phi , Apsi , psi_c , delta_psi]

195 self.action_space = gym.spaces.Box(

196 low=np.array ([

197 np.deg2rad (40),

198 (2 * np.pi * 1500/60)/np.sqrt(self.g/self.l1),

199 np.deg2rad (-45),

200 -np.pi/2,

201 np.deg2rad (2),

202 np.deg2rad (-30),

203 -np.pi/2

204 ], dtype=np.float32),

205 high=np.array ([

206 np.deg2rad (90),

207 (2 * np.pi * 2400/60)/np.sqrt(self.g/self.l1),

208 np.deg2rad (45),

209 np.pi/2,

210 np.deg2rad (30),
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211 np.deg2rad (30),

212 np.pi/2

213 ], dtype=np.float32),

214 dtype=np.float32

215 )

216

217

218

219 # Observation: [y, z, dy, dz, t_normalized]

220 self.observation_space = gym.spaces.Box(

221 low=-np.inf , high=np.inf , shape =(5,), dtype=np.float32

222 )

223

224 self.wings = Wings ()

225

226 self._first_action = True

227 self.t_curr = self.t0

228 self.state = np.zeros (4)

229 self.step_count = 0

230

231 def _build_aero_model(self):

232 ndc = self.ndc

233

234 t = sp.symbols(’t’, real=True , positive=True)

235 phi = sp.Function(’phi’, real=True)(t)

236 y = sp.Function(’y’, real=True)(t)

237 z = sp.Function(’z’, real=True)(t)

238 psi = sp.Function(’psi’, real=True)(t)

239

240 theta = 0

241 thetad = 0

242 thetadd = 0

243 phid = sp.diff(phi , t)

244 phidd = sp.diff(phid , t)

245 psid = sp.diff(psi , t)

246 psidd = sp.diff(psid , t)

247 yd = sp.diff(y, t)

248 ydd = sp.diff(yd, t)

249 zd = sp.diff(z, t)

250 zdd = sp.diff(zd, t)

251

252 b1 = sp.Matrix ([[1] , [0], [0]])

253 b2 = sp.Matrix ([[0] , [1], [0]])

254 c1 = sp.Matrix ([[1] , [0], [0]])

255 c2 = sp.Matrix ([[0] , [1], [0]])

256 d1 = sp.Matrix ([[1] , [0], [0]])

257 d2 = sp.Matrix ([[0] , [1], [0]])

258 d3 = sp.Matrix ([[0] , [0], [1]])

259 ey = sp.Matrix ([[0] , [1], [0]])

260 ez = sp.Matrix ([[0] , [0], [1]])

261

262 omega_I_B = sp.diff(theta , t) * b1

263 omega_I_C = transBC(phi , omega_I_B , frame=’B’) - phid * c2

264 omega_I_D = transCD(psi , omega_I_C , frame=’C’) + psid * d1

265

266 term1_C = ndc["pi1"] * (omega_I_C.cross(c1))

267 term2_B = omega_I_B.cross(ndc["pi2"] * b2 + ndc["pi3"] * b1)

268 term3_I = yd * ey + zd * ez

269
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270 term1_D = transCD(psi , term1_C , frame=’C’)

271 term2_D = transCD(psi , transBC(phi , term2_B , frame=’B’), frame=’C’)

272 term3_D = transCD(psi , transBC(phi , transIB(theta , term3_I , frame=’I’),

frame=’B’), frame=’C’)

273

274 v_D_dwO = sp.simplify(term1_D + term2_D + term3_D)

275 v_D_dwO_simplified = sp.simplify(sp.trigsimp(v_D_dwO))

276

277 v_dot_d2 = v_D_dwO_simplified [1]

278 v_dot_d3 = v_D_dwO_simplified [2]

279

280 U_vec_dw = sp.simplify(v_dot_d2 * d2 + v_dot_d3 * d3)

281

282 R = sp.Matrix ([

283 [1, 0, 0],

284 [0, 0, -1],

285 [0, 1, 0]

286 ])

287

288 U_mag = sp.sqrt(U_vec_dw.dot(U_vec_dw)) + 1e-9

289

290 Gamma = -(ndc["CT"] * U_vec_dw [1] * U_vec_dw [2]) / U_mag + \

291 ((ndc["CR"] * ndc["pi2"]) / 2) * omega_I_D [0]

292

293 CD = ndc["A_CD"] - ndc["B_CD"] * (( U_vec_dw [1]**2 - (U_vec_dw [2]**2)) /

U_mag **2)

294

295 faero = transIB(

296 theta ,

297 transBC(

298 phi ,

299 transCD(

300 psi ,

301 ndc["Pi2"] * (Gamma * R - CD * U_mag * sp.eye(3) / 2) *

U_vec_dw ,

302 frame=’C’

303 ),

304 frame=’B’

305 ),

306 frame=’I’

307 )

308

309 f_sy = sp.lambdify(

310 (t, y, z, yd, zd, phi , phid , phidd , psi , psid , psidd , ndc["pi1"]),

311 faero [1],

312 "numpy"

313 )

314 f_sz = sp.lambdify(

315 (t, y, z, yd, zd, phi , phid , phidd , psi , psid , psidd , ndc["pi1"]),

316 faero [2],

317 "numpy"

318 )

319

320 ddzna = -ndc["Pi1"] * (

321 0.5 * (

322 -sp.cos(theta) * sp.sin(phi) * phid **2 +

323 sp.cos(theta) * sp.cos(phi) * phidd

324 )

325 + ndc["pi4"] * (
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326 -sp.sin(theta) * thetad **2 +

327 sp.cos(theta) * thetadd

328 )

329 ) - 1

330

331 ddyna = -ndc["Pi1"] * (

332 -ndc["pi4"] * thetadd * sp.sin(theta)

333 - ndc["pi4"] * thetad **2 * sp.cos(theta)

334 - 0.5 * (phidd * sp.sin(phi) + phid **2 * sp.cos(phi))

335 )

336

337 ddzna_simplified = sp.simplify(ddzna)

338 ddyna_simplified = sp.simplify(ddyna)

339

340 vars_ = (t, y, z, yd, zd, phi , phid , phidd)

341 self.ddzna_func = sp.lambdify(vars_ , ddzna_simplified , modules=’numpy ’)

342 self.ddyna_func = sp.lambdify(vars_ , ddyna_simplified , modules=’numpy ’)

343

344 self.f_sy = f_sy

345 self.f_sz = f_sz

346

347 # ---------- Gym API ----------

348

349 def reset(self):

350 self.wings = Wings ()

351 self._first_action = True

352 self.t_curr = self.t0

353 self.state = np.array ([0.0 , 0.0, 0.0, 0.0]) # y, z, dy, dz

354 self.step_count = 0

355

356 return self._get_obs ()

357

358 def _get_obs(self):

359 y, z, dy, dz = self.state

360 t_norm = (self.t_curr - self.t0) / (self.tf - self.t0 + 1e-9)

361 return np.array ([y, z, dy, dz, t_norm], dtype=np.float32)

362

363 def step(self , action):

364 action = np.array(action , dtype=float)

365 Aphi , w, phi_c , delta_phi , Apsi , psi_c , delta_psi = action

366

367 t_start = self.t_curr

368 t_end = min(self.t_curr + self.dt, self.tf)

369

370 # Set / transition wing parameters

371 if self._first_action:

372 # First step: no transition , just set base at t_start

373 self.wings.set_parameters_with_transition(

374 t_k=t_start ,

375 Aphi=Aphi , w=w, phi_c=phi_c , delta_phi=delta_phi ,

376 Apsi=Apsi , psi_c=psi_c , delta_psi=delta_psi ,

377 T_tr =0.0

378 )

379 self._first_action = False

380 else:

381 # Subsequent steps: transition smoothly starting at t_start

382 self.wings.set_parameters_with_transition(

383 t_k=t_start ,

384 Aphi=Aphi , w=w, phi_c=phi_c , delta_phi=delta_phi ,
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385 Apsi=Apsi , psi_c=psi_c , delta_psi=delta_psi ,

386 T_tr=self.transition_duration

387 )

388

389 # Integrate over [t_start , t_end] starting from current state

390 Y0 = self.state.copy()

391 t_span = (t_start , t_end)

392

393 # choose target times in this interval for fitting

394 mask = (self.target_times >= t_start) & (self.target_times <= t_end)

395 t_eval = self.target_times[mask]

396 # ensure at least 2 points

397 if t_eval.size < 2:

398 t_eval = np.linspace(t_start , t_end , 5)

399

400 sol = solve_ivp(

401 fun=self._rhs_wrapper ,

402 t_span=t_span ,

403 y0=Y0,

404 t_eval=t_eval ,

405 method=’RK45’,

406 rtol=1e-4,

407 atol=1e-6,

408 )

409

410 t_seg = np.asarray(sol.t, dtype=float)

411 sol_y = np.asarray(sol.y, dtype=float)

412

413 # If the solver basically only gave us one point , treat this as a "failed"

step

414 if t_seg.size < 2 or sol_y.size == 0:

415 reward = -1000.0

416

417 # Keep state unchanged

418 self.state = Y0

419 self.t_curr = t_end

420 self.step_count += 1

421

422 obs = self._get_obs ()

423 done = (self.t_curr >= self.tf - 1e-9) or (self.step_count >= self.

max_steps)

424

425 # fabricate a tiny segment with constant y,z for logging

426 t_fail = np.array ([t_start , t_end], dtype=float)

427 y_fail = np.array ([Y0[0], Y0[0]])

428 z_fail = np.array ([Y0[1], Y0[1]])

429 phi_fail = np.array ([self.wings.phi_input(t_start),

430 self.wings.phi_input(t_end)])

431 psi_fail = np.array ([self.wings.psi_input(t_start),

432 self.wings.psi_input(t_end)])

433

434 info = {

435 "t_eval": t_fail ,

436 "y_sim": y_fail ,

437 "z_sim": z_fail ,

438 "y_tgt_seg": np.interp(t_fail , self.target_times , self.target_y),

439 "z_tgt_seg": np.interp(t_fail , self.target_times , self.target_z),

440 "phi_seg": phi_fail ,

441 "psi_seg": psi_fail ,
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442 "failure": True ,

443 }

444 return obs , float(reward), done , info

445

446

447

448 # Ensure sol_y is 2D: shape (n_states , n_times)

449 if sol_y.ndim == 1:

450 # We know state dimension is 4 (y,z,dy,dz), so reshape accordingly

451 n_states = 4

452 sol_y = sol_y.reshape(n_states , -1)

453

454 y_sim = sol_y[0, :]

455 z_sim = sol_y[1, :]

456

457 # if you also store dy, dz:

458 # dy_sim = sol_y[2, :]

459 # dz_sim = sol_y[3, :]

460

461 t_seg = np.asarray(sol.t, dtype=float)

462

463 # Align target on the same t_eval grid

464 # If we used target_times slice , target segment is easy:

465 if np.array_equal(t_eval , self.target_times[mask]):

466 y_tgt_seg = self.target_y[mask]

467 z_tgt_seg = self.target_z[mask]

468 else:

469 # fallback: interpolate target onto t_eval

470 y_tgt_seg = np.interp(t_seg , self.target_times , self.target_y)

471 z_tgt_seg = np.interp(t_seg , self.target_times , self.target_z)

472

473 # --- least squares fits on this interval ---

474 a0_y_sim , a1_y_sim = linear_least_squares(t_seg , y_sim)

475 a0_z_sim , a1_z_sim = linear_least_squares(t_seg , z_sim)

476

477 a0_y_tgt , a1_y_tgt = linear_least_squares(t_seg , y_tgt_seg)

478 a0_z_tgt , a1_z_tgt = linear_least_squares(t_seg , z_tgt_seg)

479

480 # -------- PLACEHOLDER REWARD FUNCTION (FITS -BASED) ----------

481 # You can tune the weights to care more about slope vs intercept.

482 w_intercept = 1.0

483 w_slope = 10.0

484 scale = 1e-13

485

486 dy_int = a0_y_sim - a0_y_tgt

487 dy_slp = a1_y_sim - a1_y_tgt

488 dz_int = a0_z_sim - a0_z_tgt

489 dz_slp = a1_z_sim - a1_z_tgt

490

491 reward = -(

492 w_intercept * (dy_int **2 + dz_int **2) +

493 w_slope * (dy_slp **2 + dz_slp **2)

494 )

495

496 reward *= scale

497 # ------------------------------------------------------------

498

499 # Update state/time

500 self.state = sol_y[:, -1] # [y, z, dy, dz] at t_end

59



501 self.t_curr = t_end

502 self.step_count += 1

503

504 done = (self.t_curr >= self.tf - 1e-9) or (self.step_count >= self.

max_steps)

505

506 obs = self._get_obs ()

507

508 # sample phi(t), psi(t) over this interval on the SAME time grid as y_sim/

z_sim

509 phi_seg = np.array ([self.wings.phi_input(t) for t in t_seg ])

510 psi_seg = np.array ([self.wings.psi_input(t) for t in t_seg ])

511

512 info = {

513 "t_eval": t_seg , # <-- use t_seg , not t_eval

514 "y_sim": y_sim ,

515 "z_sim": z_sim ,

516 "y_tgt_seg": y_tgt_seg ,

517 "z_tgt_seg": z_tgt_seg ,

518 "fit_y_sim": (a0_y_sim , a1_y_sim),

519 "fit_z_sim": (a0_z_sim , a1_z_sim),

520 "fit_y_tgt": (a0_y_tgt , a1_y_tgt),

521 "fit_z_tgt": (a0_z_tgt , a1_z_tgt),

522 "phi_seg": phi_seg ,

523 "psi_seg": psi_seg ,

524 "action": action

525 }

526

527 return obs , float(reward), done , info

528

529

530 def _rhs_wrapper(self , t, Y):

531 return self.rhs(t, Y)

532

533 def rhs(self , t, Y):

534 y, z, dy, dz = Y

535

536 ph = self.wings.phi_input(t)

537 phd = self.wings.phi_d_input(t)

538 phdd = self.wings.phi_dd_input(t)

539 ps = self.wings.psi_input(t)

540 psd = self.wings.psi_d_input(t)

541 psdd = self.wings.psi_dd_input(t)

542

543 ddy_na = self.ddyna_func(t, y, z, dy, dz, ph, phd , phdd)

544 ddz_na = self.ddzna_func(t, y, z, dy, dz, ph, phd , phdd)

545

546 f_sy = self.f_sy

547 f_sz = self.f_sz

548

549 ddy_aero = quad(

550 lambda s: f_sy(t, y, z, dy, dz, ph, phd , phdd , ps, psd , psdd , s),

551 0, 1

552 )[0]

553 ddz_aero = quad(

554 lambda s: f_sz(t, y, z, dy, dz, ph, phd , phdd , ps, psd , psdd , s),

555 0, 1

556 )[0]

557
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558 ddy = ddy_na + ddy_aero

559 ddz = ddz_na + ddz_aero

560

561 return np.array ([dy, dz, ddy , ddz], dtype=float)
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A.3.3 wing.py

1 #!/usr/bin/env python3

2 # -*- coding: utf -8 -*-

3 """

4 Albert Addo

5 M. Eng. Project

6 Professor Jane Wang

7 Using Reinforcement Learning PPO Model to Identify Wing Beating Motion

8

9 This Module Holds the Wing Class which represents the Wing Kinematics.

10 """

11

12 import numpy as np

13

14 class Wings:

15 """

16 Wing kinematics for (t) and (t) with smooth transitions between

17 different sinusoid parameter sets.

18

19 Base sinusoids:

20 phi_base(t) = phi_c + Aphi * cos(w * t + delta_phi)

21 psi_base(t) = psi_c + Apsi * sin(w * t + delta_psi)

22

23 Total signals during a transition:

24 phi(t) = phi_base(t) + q_phi(t)

25 psi(t) = psi_base(t) + q_psi(t)

26

27 where q_phi and q_psi are quintic polynomials chosen so that , ,

28 and , , are continuous when parameters change.

29 """

30

31 def __init__(self):

32 # Base sinusoid parameters (current)

33 self.Aphi = 0.0

34 self.w = 1.0

35 self.phic = 0.0

36 self.delta_phi = 0.0

37

38 self.Apsi = 0.0

39 self.psic = 0.0

40 self.delta_psi = 0.0

41

42 self._has_base = False

43

44 # Transition data for

45 self._phi_tr_active = False

46 self._phi_tr_t0 = 0.0

47 self._phi_tr_T = 1.0

48 self._phi_tr_b = np.zeros (6)

49

50 # Transition data for

51 self._psi_tr_active = False

52 self._psi_tr_t0 = 0.0

53 self._psi_tr_T = 1.0

54 self._psi_tr_b = np.zeros (6)

55

56 # ---------- base sinusoid ----------

57
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58 def _phi_base(self , t):

59 return self.phic + self.Aphi * np.cos(self.w * t + self.delta_phi)

60

61 def _phi_base_d(self , t):

62 return -self.Aphi * self.w * np.sin(self.w * t + self.delta_phi)

63

64 def _phi_base_dd(self , t):

65 return -self.Aphi * self.w**2 * np.cos(self.w * t + self.delta_phi)

66

67 def _psi_base(self , t):

68 return self.psic + self.Apsi * np.sin(self.w * t + self.delta_psi)

69

70 def _psi_base_d(self , t):

71 return self.Apsi * self.w * np.cos(self.w * t + self.delta_psi)

72

73 def _psi_base_dd(self , t):

74 return -self.Apsi * self.w**2 * np.sin(self.w * t + self.delta_psi)

75

76 # ---------- transition math ----------

77

78 @staticmethod

79 def _compute_transition_coeffs(phi_old , phid_old , phdd_old ,

80 phi_base0 , phid_base0 , phdd_base0 ,

81 T_tr):

82 D0 = phi_old - phi_base0

83 D1 = phid_old - phid_base0

84 D2 = phdd_old - phdd_base0

85

86 b0 = D0

87 b1 = T_tr * D1

88 b2 = 0.5 * T_tr **2 * D2

89 b3 = -10*D0 - 6*T_tr*D1 - 1.5* T_tr **2*D2

90 b4 = 15*D0 + 8*T_tr*D1 + 1.5* T_tr **2*D2

91 b5 = -6*D0 - 3*T_tr*D1 - 0.5* T_tr **2*D2

92

93 return np.array ([b0, b1, b2, b3, b4, b5])

94

95 @staticmethod

96 def _q_and_derivs(t, t0, T, b):

97 if T <= 0.0 or t <= t0 or t >= t0 + T:

98 return 0.0, 0.0, 0.0

99

100 s = (t - t0) / T

101 s2 = s*s

102 s3 = s2*s

103 s4 = s3*s

104

105 b0, b1, b2, b3, b4, b5 = b

106

107 q = b0 + b1*s + b2*s2 + b3*s3 + b4*s4 + b5*s4*s

108

109 q_s_prime = b1 + 2*b2*s + 3*b3*s2 + 4*b4*s3 + 5*b5*s4

110 dqdt = q_s_prime / T

111

112 q_s2 = 2*b2 + 6*b3*s + 12*b4*s2 + 20*b5*s3

113 d2qdt2 = q_s2 / (T**2)

114

115 return q, dqdt , d2qdt2

116
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117 def set_parameters_with_transition(self , t_k ,

118 Aphi , w, phi_c , delta_phi ,

119 Apsi , psi_c , delta_psi ,

120 T_tr):

121 # First time: just set base , no transition

122 if not self._has_base:

123 self.Aphi = Aphi

124 self.w = w

125 self.phic = phi_c

126 self.delta_phi = delta_phi

127

128 self.Apsi = Apsi

129 self.psic = psi_c

130 self.delta_psi = delta_psi

131

132 self._has_base = True

133 self._phi_tr_active = False

134 self._psi_tr_active = False

135 return

136

137 # Old full values at t_k

138 phi_old = self.phi_input(t_k)

139 phid_old = self.phi_d_input(t_k)

140 phdd_old = self.phi_dd_input(t_k)

141

142 psi_old = self.psi_input(t_k)

143 psid_old = self.psi_d_input(t_k)

144 psdd_old = self.psi_dd_input(t_k)

145

146 # Update base params

147 self.Aphi = Aphi

148 self.w = w

149 self.phic = phi_c

150 self.delta_phi = delta_phi

151

152 self.Apsi = Apsi

153 self.psic = psi_c

154 self.delta_psi = delta_psi

155

156 # New base at t_k

157 phi_base0 = self._phi_base(t_k)

158 phid_base0 = self._phi_base_d(t_k)

159 phdd_base0 = self._phi_base_dd(t_k)

160

161 psi_base0 = self._psi_base(t_k)

162 psid_base0 = self._psi_base_d(t_k)

163 psdd_base0 = self._psi_base_dd(t_k)

164

165 self._phi_tr_b = self._compute_transition_coeffs(

166 phi_old , phid_old , phdd_old ,

167 phi_base0 , phid_base0 , phdd_base0 ,

168 T_tr

169 )

170 self._psi_tr_b = self._compute_transition_coeffs(

171 psi_old , psid_old , psdd_old ,

172 psi_base0 , psid_base0 , psdd_base0 ,

173 T_tr

174 )

175
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176 self._phi_tr_t0 = t_k

177 self._phi_tr_T = T_tr

178 self._phi_tr_active = T_tr > 0.0

179

180 self._psi_tr_t0 = t_k

181 self._psi_tr_T = T_tr

182 self._psi_tr_active = T_tr > 0.0

183

184 self._has_base = True

185

186 # ---- (t), (t), (t) ----

187

188 def phi_input(self , t):

189 if not self._has_base:

190 return 0.0

191 q, _, _ = self._q_and_derivs(t, self._phi_tr_t0 , self._phi_tr_T , self.

_phi_tr_b) if self._phi_tr_active else (0.0, 0.0, 0.0)

192 return self._phi_base(t) + q

193

194 def phi_d_input(self , t):

195 if not self._has_base:

196 return 0.0

197 _, dqdt , _ = self._q_and_derivs(t, self._phi_tr_t0 , self._phi_tr_T , self.

_phi_tr_b) if self._phi_tr_active else (0.0, 0.0, 0.0)

198 return self._phi_base_d(t) + dqdt

199

200 def phi_dd_input(self , t):

201 if not self._has_base:

202 return 0.0

203 _, _, d2qdt2 = self._q_and_derivs(t, self._phi_tr_t0 , self._phi_tr_T , self

._phi_tr_b) if self._phi_tr_active else (0.0, 0.0, 0.0)

204 return self._phi_base_dd(t) + d2qdt2

205

206 # ---- (t), (t), (t) ----

207

208 def psi_input(self , t):

209 if not self._has_base:

210 return 0.0

211 q, _, _ = self._q_and_derivs(t, self._psi_tr_t0 , self._psi_tr_T , self.

_psi_tr_b) if self._psi_tr_active else (0.0, 0.0, 0.0)

212 return self._psi_base(t) + q

213

214 def psi_d_input(self , t):

215 if not self._has_base:

216 return 0.0

217 _, dqdt , _ = self._q_and_derivs(t, self._psi_tr_t0 , self._psi_tr_T , self.

_psi_tr_b) if self._psi_tr_active else (0.0, 0.0, 0.0)

218 return self._psi_base_d(t) + dqdt

219

220 def psi_dd_input(self , t):

221 if not self._has_base:

222 return 0.0

223 _, _, d2qdt2 = self._q_and_derivs(t, self._psi_tr_t0 , self._psi_tr_T , self

._psi_tr_b) if self._psi_tr_active else (0.0, 0.0, 0.0)

224 return self._psi_base_dd(t) + d2qdt2
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A.3.4 rollout utils.py

1 import numpy as np

2

3 def rollout_and_collect(env , model=None , deterministic=True):

4 obs = env.reset ()

5

6 t_all = []

7 y_all = []

8 z_all = []

9 phi_all = []

10 psi_all = []

11

12 done = False

13 step_idx = 0

14

15 while not done:

16 if model is None:

17 action = env.action_space.sample ()

18 else:

19 action , _ = model.predict(obs , deterministic=deterministic)

20

21 obs , reward , done , info = env.step(action)

22

23 t_seg = info["t_eval"]

24 y_seg = info["y_sim"]

25 z_seg = info["z_sim"]

26 phi_seg = info["phi_seg"]

27 psi_seg = info["psi_seg"]

28

29

30 # avoid duplicate times at boundaries

31 if step_idx == 0:

32 t_all.append(t_seg)

33 y_all.append(y_seg)

34 z_all.append(z_seg)

35 phi_all.append(phi_seg)

36 psi_all.append(psi_seg)

37 else:

38 t_all.append(t_seg [1:])

39 y_all.append(y_seg [1:])

40 z_all.append(z_seg [1:])

41 phi_all.append(phi_seg [1:])

42 psi_all.append(psi_seg [1:])

43

44 step_idx += 1

45

46 t_all = np.concatenate(t_all)

47 y_all = np.concatenate(y_all)

48 z_all = np.concatenate(z_all)

49 phi_all = np.concatenate(phi_all)

50 psi_all = np.concatenate(psi_all)

51

52 return t_all , y_all , z_all , phi_all , psi_all
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